
IIT JAM

IIT JAM Real Test

Q1 Let   denote the matrix of order   with all
entries   and let  be a   matrix
given by

 

Then the rank of   is
(A)  (B) 
(C)  (D) 

Q2 Consider the following system of equations:

what should   be so that this system is
consistent?
(A) 10 (B) 1
(C) 2 (D) 9

Q3 Let A be a  matrix and B be a  matrix
with real entries such that A B is non-singular.
Consider the following statements:
P: Nullity of  is .
Q: BA is a non-singular matrix.
Then
(A) Both P and Q are TRUE
(B) P is TRUE and Q is FALSE
(C) P is FALSE and Q is TRUE
(D) Both P and Q are FALSE

Q4

 
(A) 
(B) 
(C) 
(D)  .

Q5

(A) 

(B) 

(C) 

(D) 

Q6   N(0,1)

(A)  (B) 
(C)  (D) 

Q7

(A)  (B) 
(C)  (D) 

Q8

(A)  (B) 
(C)  (D) 

Q9

(A)  (B) 
(C)  (D) 

Q10

(A)  (B) 

(C)  (D) 

Q11 Let   be defined by,
, where . Then:

      |       |   
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Suppose that X is a continuous random variable with cumulative distribution function F ,  density f,  and moment generating f

= ,     ∀  t ∈ (−h,h),  h > 0M(t)
M(−t)

e6t

then which of the following statements is FALSE?

 P(X − 3 = 3 − X) = 0
 f(x − 3) = f(3 − x)  for all x ∈ R

 3 is the median of X.
 X − 3 and 3
− X are identically distributed

 
 If   and   are two independent and identically distributed random variables having theX1 X2

probability density function f(x)

= ,     x ∈ R,1
π(1+ )x2

then the probability density function of U
=  isX1X2

   (u) = ,     u ∈ RfU
1

(1+ )π2 u2

   (u) = ,     u ∈ RfU
2 log |u|

( −1)π2 u2

   (u) = ,     u ∈ RfU
log |u|

π( −1)u2

   (u) = ,     u ∈ RfU
2 log u

π(u+1)(u−1)

Let  , , …X1 X2  be i.i.d. 
 random variables. Define

= .Zn

∑
i=1

n
X2i−1

X2i

∑
i=1

2n

X 2
i

Then the limiting distribution of  , as nZn

→ ∞, is
 N (0, 1) N (0, 2)
C (0, 1) C (0, )1

2

Consider the probability space (Ω,F ,
),  where Ω = (0, 1),F =  B(0, 1),PU

 and  ((0,x]) = x,  x ∈ (0, 1).PU

Let   X be function define as X(ω)

= log ,     ω ∈ (0, 1).1
1−ω

Then the value of  Va r( ) ise− X
3
4

1
45 18
18
245

16
245

  Suppose X~Uniform(2, 12).  Define

Z = { X − 4,

X + 2,

if X ≤ 8,

if X > 8.
Then E(Z) is

3. 6 5. 4
7. 8 9. 4

Suppose that the pdf of the random variable X is

f (x) = {
,3x2

θ3

0,

0 ≤ x ≤ θ,

otherwise.
where θ
> 0 is an unknown parameter. Based on a single observation X,  the confi

1
4

1
2

3
4

7
8

Consider a distribution with probability mass function 

f (x ∣ θ) =     for 0

⎧

⎩

⎨

⎪⎪⎪⎪⎪⎪

⎪⎪⎪⎪⎪⎪

,θ3

,2(1−θ)
3

,θ+1
3

0,

x = 0,

x = 1,

x = 2,

otherwise,
< θ < 1.
In a random sample of size n
= 120 from this distribution, the observed counts of 0,
1, 2 are 40, 40 and 40 respectively.
Then the maximum likelihood estimate of θ based on the observed samp

1
3√

2
3√

3
4

1
4

f : R → R

f(x) = + x + ax3 a ∈ R
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(A)   has no real root for any 
(B)   has one real root if   and three real

roots if 
(C)   has exactly one real root for all 
(D)   has three real roots for all values of 

Q12 Let , then 

(A) Does not exist
(B) Exist and equal to zero
(C) Exist infinitely
(D) Exist but non-zero and finite

Q13
Let   and I be the 

identity matrix. If   for 
 then (a, b, c) equals

(A) (1,2,1) (B) 
(C) (4,1,1) (D) (1,4,1)

Q14 Consider a sequence   defined as

, where [.] is the greater
integer function, then
(A) 

(B) 

(C) 

(D) 

Q15 Let   be a sequence of real numbers

defined as   then

(A)   is monotonic but not bounded 
(B)   is bounded but not monotonic 
(C)   is increasing and bounded
(D)   is decreasing and bounded

Q16 Define 

 then

(A) 
(B) 
(C) 
(D) 

Q17

(A)  (B) 

(C)  (D) 

Q18

(A) 
(B) 
(C) 
(D) 

Q19

(A)  (B) 
(C)  (D) 

Q20

(A)  (B) 

(C)  (D) 

Q21

(A)  (B) 
(C)  (D) 

Q22

 

(A)  (B) 
(C)  (D) 

Q23

      |       |   

f (x) a

f(x) a ≥ 0
a < 0

f (x) a

f (x) a

f(x) = x1+sin x lim
x→∞

x1+sin(x)

A =
⎡

⎣
⎢

1

1
0

0

−2
0

2

0
−3

⎤

⎦
⎥ 3 × 3

6 = a + bA + cIA−1 A2

a,  b,  c ∈ R

(1, −1, 2)

{ }xn

=xn
[α]+[2α]+…+[nα]

n2

lim
n→∞

   may or may not exist depending on αxn
  = αlim

n→∞
xn

  =lim
n→∞

xn
α
2

  = 0lim
n→∞

xn

< >an

= ; ∈ (0, ∞)an+1
an

1+a2
n
a1

< >an
< >an
< >an
< >an

f(x) = [ ];x ∈ Rlim
n→∞

lim
t→0

(n!πx)sin2

(n!πx)+sin2 t2

f(x) is continuous only on x ∈ Q

f(x) is continuous only on x ∈ Qc

f(x) is continuous for all x ∈ R

f(x) is nowhere continuous on R

Let  , ,X1 X2

…  be a sequence of i.i.d. random variables having
the probability density function
                    f(x) = ,      − ∞ < x <1

2 e
−|x|

∞,
Consider  = [| |] + [| |] + ⋯Sn X1 X2

+ [| |].Xn

Where  |t|
=

{ and  [t]  denotes the greatest integer less than equals to  t.
   t,

−t,

t ≥ 0,

t < 0
Suppose that there exist sequences   and an bn

> 0 such that  N (0, 1) as n → ∞−Sn an

bn
→
d

.

Then the value of    loglim
n→∞

1
2 n−−√

(1 − ) isbn
an

0 −
e√

2
− log e1

2 −   log ee√

  Let  , … ,  be a random sample fromX1 Xn

(x) = {     θ > 0.fθ
,θ

x2

0,

x ≥ θ,

otherwise,
Let  = min( , … , ).x(1) x1 xn

Critical region of MP size α test for testing H0

: θ = 1 against  : θ = 2 is given byHA

{( , … , ) :   > /2}x1 xn x(1) α−1/n

{( , … , ) :   > (1 − )}x1 xn x(1) α−1/n

{( , … , ) :   > }x1 xn x(1) α−1/n

{( , … , ) :   > }x1 xn x(1) α1/n

 Let (X,
Y

) be a continuous random vector with joint pdf
f (x, y)

= { k  |x|,

0,

0 ≤ x ≤ ,   ≤ y ≤ 5 ,1
3 x2 x2

otherwise.
 where k > 0 is a constant.
Then the value of P(2X + 3Y > 1) is

244
375

131
375

141
375

234
375

 Suppose   and   are independent BernoulliX1 X2

( ) random variables. If1
2

M = min( , ),X1 X2

then the value of  Corr( ,M) isX2
1
2

2
3√

1
3√

1
4

Trains depart from a railway station in accordance with a Poisson
process with rate 80 trains per hour. 10
% of these trains are freight trains
and 90% are passenger trains.
Given that 16 freight trains have departed during one hour, what is the
expected total number of trains that have departed in that hour?

64 80
96 100

Let X,Y ,
Z be independent and identically distributed N(0,

1) random variables.

Define  U = X + Y ,     V = 4X − 2Z,     W
= 3Y + Z.
Then  the partial correlation coefficient of V  and W ,
  given U  is.

− 1
2 0

− 8
66√

− 4
33√
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(A)  (B) 

(C)  (D) 

Q24

(A) 
(B) 

(C) 
(D) 

Q25

(A) 
(B) 
(C) 
(D) 

Q26

(A) 

(B) 

(C) 

(D) 

Q27

 
(A) 

(B) 

(C) 

(D) 

Q28

(A) 
(B) 
(C) 
(D) 

Q29

(A) 
(B) 
(C) 
(D) 

Q30

(A) 

      |       |   

Let   ,    ,   ⋯  ,  X1 X2 Xn

 be random sample of size n  (≥ 2)
 from a distribution having
probability density function 
                f (x,  θ)

= {   ,     x > θ1
3 e

−
(x−θ)

3

0 ,                         otherwise 
where θ ∈ R.  Let   X(1)

= min ( ,    ,   ⋯ ,   ).  Then X1 X2 Xn

E ( + − ) equalsX1 e| − |X1 X3 e| − |X2 X4 ∣∣X(1)

n +3X(1)

n2
−X(1)

3
n

n( +3)−3X(1)

n
+ 3

X(1)

n2

The random variable X takes the  values
  {−1 ,  0,  1}according to the distribution

{ : 0 < p < } such that XFp
1
3

=
⎧

⎩
⎨
⎪

⎪

−1      with probability    p,

0         with probability    2p,
1        with probability      1 − 3p.

Let   and X1 X2

 be random sample from this distribution.
 Define T   = | + |X1 X2

Then ,  among  statistics X  and T  
        

Both X and T  are complete.
 X  is complete but  T  is NOT  complete
.
Both X and T  are NOT complete.
 X  is  NOT complete but  T  is complete
.

Suppose X be N (0, 9) and
 Y  is independent of
 X with propbability mass function 

               P (X = k) = {
,      k = −11

2

,      k = 11
2

Define Z = XY +  ,  thenX
Y  

 P ( − 2 − Z + 2 < 0) is equal to Z3 Z2

Φ(− )− Φ( )1
6

1
3

2Φ(− )+ Φ( )− 11
6

1
3

1 + Φ( )− Φ( )1
3

1
6

1 + Φ( )− 2Φ( )1
3

1
6

Let   ,    ,  ,    ,  X1 X2 X3 X4 X5

 be a random sample of size 5 from an
 N (θ, 5) distribution
Where θ ∈ R is an unknown parameter 

.  Let    =    ,  g (θ)X 1
5 ∑

5
i=1 Xi

= and L (θ) be thee2θ

Cramer-Rao lower bound for variance of unbiased estimator of g (θ) .  Then which of the following  statement is FALSE?

+X  e
2( −1)X

 is complete sufficient for θ.
L (θ) = 4e4θ

e
2( −1)X

 is the uniformly minimum variance unbiased estimator of g (θ).
The variance of the undiased estimator of
 g (θ) attains the 
Cramer -Rao Lower bound.

Let  , ,Z1 Z2

…  be i.i.d. random variables with discrete uniform distributionover {1,
Let   be the remainder when   is divided by 2026Xn Yn
.
Then, which of the following statements is true?

P( = 2025) =lim
n→∞

Xn
1

2024

  P( = 2025) =lim
n→∞

Xn
1

2025

P( = 2025) =lim
n→∞

Xn
1

2026

  P( = 2025) = 0lim
n→∞

Xn

Consider the simple linear model  = βYi i2

+ ,     i = 1, … , 100,εi
where  ~N(0, )εi σ2

 are i.i.d. random variables.

Define  = ,      = .β̂ 1
∑100

i=1 i
2Yi

∑100
i=1 i

4
β̂ 2

∑100
i=1 Yi

∑100
i=1 i

2

Which of the following statement is FALSE ?

   is unbiased estimator for β.β̂ 1

   is unbiased estimator for β.β̂ 2

   has larger variance than  .β̂ 1 β̂ 2

   has larger variance than  .β̂ 2 β̂ 1

Let X = (  ,    ,    ,   )X1 X2 X3 X4
t

 be random vector having the probability mass function
 

fX

⎛

⎝

⎜⎜⎜

⎛

⎝

⎜⎜⎜

x1

x2

x3

x4

⎞

⎠

⎟⎟⎟

⎞

⎠

⎟⎟⎟

=

⎧

⎩
⎨
⎪⎪

⎪⎪

     if  ,    ,    ,  c

!  ! ! !x1 x2 x3 x4
x1 x2 x3 x4

∈ {0, 1, ⋯ , 50},   + + + = 50x1 x2 x3 x4

0,                                          otherwise,
where c is a real constant.  
Suppose   Σ4×4

 be the variance covariance matrix  of random vector
 X.  Then 
which of the following statement is FALSE.

rank (Σ)  =  3
trace  (Σ) = 75

2

The largest eigenvalue of Σ  is  .25
4

1 is always an eigenvalue of − Σ 2Σ2

+ I.

Let X,Y ,
Z be independent and identically distributed (i.i.d.) random variables,
each following Bernoulli(θ),  where 0 < θ

< 1.
Then, which of the following statement is NOT True ? 
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(B) 

(C) 

(D) 

Q31 Consider the function 

(A) 
(B) S is finite
(C) S is countably infinite
(D) S is empty

Q32 Let   be a vector space over   with dimension
. Let   be a linear transformation

with only 1 as eigenvalue. Then which of the
following must be true?
(A)  (B) 
(C)  (D) 

Q33

If   

Then which of the following are true ?
(A) Both systems   and   are

inconsistent
(B) Both systems   and   are

consistent
(C) The system is   consistent
(D) The systems is   inconsistent

Q34

(A) 
(B) 

(C) 
(D) 

Q35

(A) 

(B) 

(C) 

(D) 

Q36

(A) 

(B) 

(C) 
(D) 

Q37

(A) 

(B) 

(C) 

(D) 

Q38

      |       |   

 (79 + 2024 ,eX eY

 23 log(1 + Z)) is a sufficient statistic for θ
.
   is a minimal sufficient statistic for θe X+Y+Z

.
 13(X + Y

+ Z)  is a complete sufficient statistic for θ2

.
   log(X − 2Y
+ Z) is an ancillary statistic.

f (x) = {
,sin 1/q

sin 1/p

1 + sin(x − 1),

x = p/q

x ∈ ∪ {0}Qc

 Let S

= {c ∈ R :   f(x) exists }. Then lim
x→c

|S| ≥ 1

V F

n T : V → V

T − I = 0 (T − I = 0)n−1

(T − I = 0)n (T − I = 0)2n

M = ,

⎡

⎣

⎢⎢⎢⎢

2
0

0
1

0
1

0
1

3
0

1
1

2
−1

0
0

0
3

4
1

−2
4

4
1

⎤

⎦

⎥⎥⎥⎥

=  and  = .b1

⎡

⎣

⎢⎢⎢⎢

5
1

1
4

⎤

⎦

⎥⎥⎥⎥
b2

⎡

⎣

⎢⎢⎢⎢

5
1

3
3

⎤

⎦

⎥⎥⎥⎥

MX = b1 MX = b2

MX = b1 MX = b2

MX = −b1 b2

MX = −   b1 b2

Consider a trivariate discrete random variable
 W   =  with pmf(X,Y ,Z)t

  =  with x,  y,fW

⎛

⎝
⎜
⎛

⎝
⎜

x

y

z

⎞

⎠
⎟
⎞

⎠
⎟ ( )1

3

x
( )1

6

y
( )1

2

z

 z  ∈ {0, 1}
If we take random  sample   ,    ,   ⋯  ,w1 w2

   from W .  Definew10

            =S10
1

10

( − )∑10
i=1 wi w ( − )wi w

T

then which of the following statements is / are TRUE?
1 − X~Ber ( )2

3

Var ( ) =Y 4 5
36

trace (E ( )) =S10
110
63

E(( )) = 50
100

Z

Let  , ,U1 U2

…  be a sequence of independent and identically distributed U(0, 1) ran
=Gn ( )∏n

i=1 Ui
1/n

be the geometric mean of  , , … ,U1 U2

 for n ∈ N.Un

Let   and   be degenerate random variables such that P( = 0) =X1 X2 X1

Then, which of the following statements are true?
   converges in r-th mean to   as nGn X1

→ ∞,  for any r > 0.
   converges in probability to   as nGn X1

→ ∞.
 converges in distribution to   as nGn X2

→ ∞.
   converges in r-th mean to   as nGn X2

→ ∞,  for any r > 0.

Let   ,    ,   ⋯  ,  X1 X2 Xn

 be random sample of size n having probability density
 function f (x|θ).

Then which of the following statements is  (are ) TRUE
?

 If |T | is a sufficient statistic for θ ∈ Θ,
 then T  is also a sufficient statistic for θ
∈ Θ.
 If T  is a complete statistic, then eT

− T − 1 is also a complete statistic.
If T  is a complete statistic and   is a sufficient statistic, then T  is a mT 2

 If T  is a minimal sufficient statistic, then T 3

− 2 + 2TT 2

+ 1 is also a minimal sufficient statistic.

Suppose that {Xn

}  is a sequence of independent and identically distributedrandom varn∈N

probability density function f(x)

= ,      − ∞ < x < ∞.1
π(1+ )x2

Then which of the following statements is (are) TRUE?

~Cauchy(0,   2 + ).+2  X1 3√ X2

3√
1
3√

  1
n

 converges to 0 in probability, as n∑n
i=1 Xi

→ ∞.
 The median of { , , … ,X1 X2

} converges to 0 in probability, as nX2n+1

→ ∞.

 E( ) = .∣
∣X1

∣
∣
1/4

1
sin(5π/8)
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(A) 
(B) 

(C) 
(D) 

Q39

(A) 

(B) 

(C) 

(D) 

Q40

(A) 

(B) 

(C) 
(D) 

Q41
Let  then 

 is

Q42 Consider   be a sequence of real numbers
defined as

, then 

Q43 Let   be defined as

.Then number of

points at which  is continuous is

Q44

Q45

Q46

Q47

.

Q48

Q49

Q50

      |       |   

Let   ,    and   be independentX1  X2 X3

 N (0, 1 ) random variables.  Define 

                      sgn (u)

=
⎧

⎩
⎨
⎪

⎪

−1    ,    if u  < 0

0 ,           if u = 0,
1 ,           if  u > 0

Let  =    sgn  ( )  ,   =    sgnY1 X1 X2 Y2 X2

  ( ) and  =    sgn  ( )X3 Y3 X3 X1

Then which of the following statements is  (are )
 TRUE ?

~N (0, 1)Y3

( )~ (( ) ,  ( ))Y1

Y2
N2

0

0

1

0

0

1
P ( > 0 ,   < 0 ,   > 0) =Y1 Y2 Y3

1
4

P ( < 0 ,   > 0 ,   < 0) =Y1 Y2 Y3
1
4

Let ( , ), ( , ), … ,Z1 W1 Z2 W2

( ,Z12

W12

) be a random sample from a bivariate normal distribution
BVN( , , , , ρ) with  = 4,  λ1 λ2 τ 2

1 τ 2
2 λ1 λ2

= 7,   = 9,   = 16,  ρ = .τ 2
1 τ 2

2
1
3

Which of the following statements are true?
 The distribution of  1

12√

( − 4) is N(0, 9).∑12
i=1 Zi

 The distribution of  1
11

( + − 11  is 3 .∑12
i=1 Zi Wi )

2
χ2

12

The distribution of   is  .
 ( −4)11√ Z1

( −4∑12
i=2 Zi )

2
√

t11

The distribution of   is 
( −7 /4∑4

i=1 Wi )
2

( −7 /8∑12
i=5 Wi )

2 F4,8

.

Let X be a random sample of size one from the probability density function

f(x ∣ θ) = {     θ
2θ  ,e−2θ(x−1)

0,

x > 1,

otherwise,
> 0.
Suppose we want to test the null hypothesis H0

: θ
= 2 against the alternative hypothesis H1

: θ ≠ 2,
 based on the observed value x of X.
Then, which of the following statements are true?

The likelihood function is maximized at θ
= .1

2(x−1)

The maximum value of the likelihood function is  .2e−1

x−1

 The likelihood ratio test for testing   against   rejects   if 2(x − 1) < k,  for some k > 0.H0 H1 H0 e−2x

The likelihood ratio test for testing   against   rejects   if x > c,  for some c > 2.H0 H1 H0

=an ( + n )2n 2n sin2 n
2

1

2n−n cos 1
n

lim
n→∞

an

< >an

=an
⋅n!n5

5⋅6⋅7⋅…⋅(5+n)
lim
n→∞

an

f : R → R

f(x) = {
sinx3 1

x

x2

x ∈ Q

x ∈ Qc

f

Let ( )~ ( ),
X1

X2
N2
⎛
⎝

μ1

μ2

⎛
⎝

1

1
5√

1
5√

1

⎞
⎠
⎞
⎠

Then the value of  Var( + 2 ∣ 3X1 X2 X1

− X2

) is ____________ (answer correct to two decimal places).

 Let X be a random variable with cumulative distribution function F(x)

F (x) =

⎧

⎩

⎨

⎪⎪⎪⎪⎪⎪⎪⎪

⎪⎪⎪⎪⎪⎪⎪⎪

0,

,x+1
4

,x+1
3

,x+3
6

1,

x < −1,

−1 ≤ x < 0,

0 ≤ x < 1,

1 ≤ x < 2,

x ≥ 2.
Then the value of E ( ) is e2X

 ____________

. (round off to two decimal places)

Let  , … ,  and  , … ,X1 X15 Y1

 be independent random variables with common density Y30

f(x) = exp(− ),     x ≥ 0.2
σ2π√

x2

2σ2

Suppose the observed values of ∑15
i=1 X

2
i

   and     are 150 and∑30
j=1 Y

2
j

 255 respectively.
Then the maximum likelihood estimate of σ is equal to__________.

Let ( , ),  i = 1, … ,n,Xi Yi

 be independent pairs from the density

f(x, y) = exp1
2π

{− [(x − ρ cos θ + (y − ρ sin θ ]},     01
2 )2 )2

≤ θ ≤ 2π,  ,   (x, y) ∈ R × R

where ρ is known.  
Suppose the observe values of    ∑n

i=1 Xi

  and     are 100  and∑n
i=1 Yi 3–√

 300 respectively .
if α be the method of moments estimate of
 θ then   is equal to _____

27α
π

Let    ,     ,   ⋯  ,X1 X2

  be random sample of size 5 fromX5 

 N (μ, 1)
distribution where μ is unknown 
. Then the  value of uniformly minimum variance unbiased estimator of 

Let   ,  X(1) X(2)

 denote the order  statistics of a random sample of size 2 from N (μ, 2) . T

Let  , , … ,X1 X2

 be a random sample from a distribution withX8
 probability density function
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.

 ,

Q51
If  then   is

Q52 Let , if

, then

the value of   is

Q53 The value of the double integral 
 over the first quadrant of the

circle   is

Q54

 

Q55

Q56

Q57

 

Q58

Q59

Q60

      |       |   

(x) = {fX
c(⌊x⌋+ 1),

0,

0 < x < 3,

otherwise,
where c is a real constant.

where ⌊x⌋
denotes the greatest integer less than or equal to
  x.
Let  (x)F8

 be the empirical distribution function of the sample.  If 
α is the variance of  (2)F8

 then 32α  (in integer ) is equal to
 ____________.

A =
⎡

⎣
⎢

1

1
0

0

0
1

0

1
0

⎤

⎦
⎥ Trace ( )A50

k ∈ R

(sin kx + cos kx + x =lim
x→0+

)
4
x

e12

k

dxdy  ∬
D

xy

1−y2√

+ = 1x2 y2

 Let X be a discrete random variable with p.m.f. 
 f ∈ { , },  wheref0 f1

x = 1
(x)f0

(x)f1

x = 2
0. 1

0. 05

x = 3
0. 1

0. 06

x = 4
0. 1

0. 08

x = 5
0. 1

0. 09

0. 6

0. 72

The power of most powerful  size α = 0
. 2 test for testing  : X~  against H0 f0 HA

: X~ ,  based on X,  is ________f1

(exact two decimal places)

Let  ,   ⋯ ,X1

   be random sample from the probability density function f (x|θ) = {  Consider the testing of hyX15
  ,  x > 04x3

θ
e

− x4

θ

0                    ,  x ≤ 0        
(rounded off to 3 decimal places)

Suppose X and U
 are independent random variable with 

             P (X = k) =  ,  k =  0, 1 ,  2 ,  1
2027

⋯  ,   2026
and U  having a uniform distribution on
  [0, 1] .  Then the value of 

 512 e2

 P (− log (X + U − [X + U ] > 2))
 is equal to _____________.
(Answer in integer)
where  [t]
 denote greatest integer function less than equal to
 t.

In a random experiment, a fair coin is tossed once.  Then, an unbiased si

S = { 120,

121,

if     Head appears,

if     Tail appears.
Let X denote the total number of times 3 appears out of S.
 If p is the  P(Head ∣ X = 30)
then the value of  1151p is equal to 
 _____________.
(Answer in integer)

Let 
A

= {(x, y) ∈ :   |x| − < y < |x| + }.R2 1
3

1
3

Let the joint probability density function of (X,
Y ) be

f (x, y) = { ,1
2
e− |x−1|2

3

0,

(x, y) ∈ A,

otherwise,
If , the covariance between the random variables X and Y  is equal to α +

Let X and Y  be independent random variables such that 
X follows U(0, 2) distribution and 
Y follows Bernoulli distribution with success probability θ ∈ (0, 1).
Define W = X + Y .
Let  = 0. 3,   = 2. 4,   = 0. 8,  w1 w2 w3 w4

= 1. 9,   = 2. 1,   = 0. 6w5 w6

be the observed values from the distribution of W
.
Then the maximum likelihood estimate of 90  equals   .θ2

___________

Let { }Yn n≥1

 be sequence of  independent and identically distributed random variabl
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Answer Key
Q1   (C)

Q2   (D)

Q3   (D)

Q4   (B)

Q5   (B)

Q6   (D)

Q7   (C)

Q8   (B)

Q9   (D)

Q10   (A)

Q11   (C)

Q12   (A)

Q13   (D)

Q14   (C)

Q15   (D)

Q16   (D)

Q17   (B)

Q18   (C)

Q19   (A)

Q20   (C)

Q21   (B)

Q22   (C)

Q23   (B)

Q24   (D)

Q25   (D)

Q26   (D)

Q27   (C)

Q28   (C)

Q29   (C)

Q30   (D)

Q31   (A, B)

Q32   (C, D)

Q33   (A, C)

Q34   (A, B, C)

Q35   (C, D)

Q36   (A, B, C, D)

Q37   (A, C, D)

Q38   (A, B, D)

Q39   (A, B, C)

Q40   (A, C)

Q41   2~2

Q42   24~24

Q43   1~1

Q44   5.29~5.39

Q45   14.24~14.32

Q46   3~3

Q47   9~9

Q48   0.11~0.17

Q49   0.5~0.5

Q50   1~1

Q51   3~3

Q52   2~2

Q53   0.12~0.18

Q54   0.24~0.24

Q55   0.02~0.029

Q56   512~512

Q57   546~546

Q58   5~5

Q59   10~10

Q60   3.86~3.93
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Hints & Solutions
Q1 Text Solution:

Given 

where 
Consider 

Hence, options (A),(B) and (D) are discarded.
Therefore option (C) is correct.
Also we can prove the option (C)

After applying finitely many row operations, we
get

which is a block diagonal matrix.
Now, using the fact that the rank of a block
diagonal matrix
is equal to the sum of rank of each individual
diagonal block, we get

Q2 Text Solution:
Consider the augmented matrix

Q3 Text Solution:
As   is a non-singular , matrix so

.
Also 

Here   is   matrix, hence 

Similarly 
and nullity of   is 4-3=1,
and statement P is false.
and 

So   is singular, and statement Q is false.
Hence option (d) is correct.

Q4 Text Solution:

Q5 Text Solution:

      |       |   

B =
⎛

⎝
⎜

0
0

J

0
J

0

J

0

0

⎞

⎠
⎟

3n×3n
J = [ = 1]aij n×n

n = 1 ⇒ J = (1)1×1

⇒ B =
⎛

⎝
⎜

0

0

(1)

0

(1)

0

(1)

0

0

⎞

⎠
⎟

⇒ ρ (B) = 3

B =
⎡

⎣
⎢

0
0

J

0
J

0

J

0

0

⎤

⎦
⎥

B~
⎡

⎣
⎢
J

0
0

0

J

0

0

0
J

⎤

⎦
⎥

ρ(B) = ρ(J) + ρ(J) + ρ(J) = 3 ⋅ ρ(J) = 3
. 1 = 3

[A|b] =
⎡

⎣
⎢⎢

1

2
3

1

0
1

−1

3
2

9

a

18

⎤

⎦
⎥⎥

~
⎡

⎣
⎢⎢

1

0
0

1

−2
0

−1

5
0

9

a − 18
−9 − a + 18

⎤

⎦
⎥⎥

ρ [A] = ρ (A|b) if 
− 9 − a + 18 = 0 i.e. a = 9

AB 3 × 3
ρ(AB) = 3

ρ(AB) ≤ min{ρ(A), ρ(B)}
3 ≤ ρ(A)

A 3 × 4 ρ(A) ≤ 3
⇒ ρ(A) = 3

ρ(B) = 3
A

ρ(BA) ≤ min{ρ(A), ρ(B)}
ρ(BA) ≤ 3

BA

Solution.

Given a continuous random variable X with MGF M

(t) satisfying  = ,  ∀t ≥ 0.
M(t)

M(−t)
e6t

Define Y = X − 3.  Then  (t) = E( )MY etY

= E( ) = M(t).et(X−3) e−3t

(−t) = M(−t) ⇒MY e3t

= =
(t)MY

(−t)MY

M(t)e−3t

M(−t)e3t
e−6t M(t)

M(−t)

= ⋅ = 1.e−6t e6t

⇒   (t) = (−t) ∀t ⇒  Y  and MY MY

− Y  have the same MGF, hence the same distribution.

Thus X − 3 and 3
− X are identically distributed.

⇒  the distribution of X is symmetric about 3.

(D) is therefore TRUE.

If a continuous distribution is symmetric about 3,

 then P(X ≤ 3) = P(X ≥ 3) = ,
1
2

 so 3 is a median.

Hence (C) is TRUE.

Further, for symmetry about 3 we have f
(3 + u) = f(3 − u) ∀u.

Let x = 3 + u.   Then f(x) = f(6 − x) ∀x.

Thus the correct symmetry relation for the pdf is f(x)
= f(6 − x),  not f(x − 3) = f(3 − x).

Note that f(x − 3) = f(3 − x) ∀x ⟺

f(z) = f(−z) ∀z,
 which means symmetry about 0, not about 3.

Hence statement (B) is FALSE.

Since X is continuous, P(X = 3) = 0
⇒ P(X − 3 = 3 − X) = P(X = 3) = 0,

so (A) is TRUE.

The FALSE statement is (B).

Solution:

Let U = ,X1X2

 where   and   are independent with fX1 X2

(x) = .
1

π(1 + )x2

By the standard formula for the product of two independent random vari
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Q6 Text Solution:

      |       |   

(u) = f(x) f( ) dx.fU ∫
∞

−∞

u

x

1
|x|

= ⋅ ⋅ dx.∫
∞

−∞

1
π(1 + )x2

1

π(1 + )( )u
x

2

1
|x|

= dx =
1

π2
∫

∞

−∞

|x|

(1 + )( + )x2 x2 u2

2

π2

∫ dx.
∞

0

x

(1 + )( + )x2 x2 u2

Put t = ⇒ xdx = dt ⇒ (u) =x2 1
2

fU
1
π2

∫ dt.
∞

0

1
(1 + t)(t + )u2

Using partial fractions, 
1

(1 + t)(t + )u2

= ( − ) .
1
− 1u2

1
1 + t

1
t + u2

Hence (u) =fU
1

( − 1)π2 u2

∫ ( − ) dt.
∞

0

1
1 + t

1
t + u2

Evaluating the integral gives 2 log |u|.

∴ (u) = , u ∈ R.fU
2 log |u|

( − 1)π2 u2

Hence the correct option is (B).

Solution:

We are given  , , …  i.i.d.\ N(0, 1),X1 X2

= .Zn

∑
i=1

n
X2i−1

X2i

∑
i=1

2n

X2
i

Write  = , = ,Un ∑
i=1

n
X2i−1

X2i
Vn ∑

i=1

2n

X2
i

 so that  = .Zn

Un

Vn

Result 1:

If X,Y  are independent N(0, 1),  then X
/Y ∼ Cauchy(0, 1).

Here each pair ( ,X2i−1

) is independent and N(0, 1),X2i

⇒ = ∼ Cauchy(0, 1),Yi
X2i−1

X2i

i = 1, … ,n,

and  , … ,  are i.i.d.Y1 Yn

Result 2 (Additive  Property):

If  , … ,  are i.i.d.\ Cauchy(0, 1),Y1 Yn

 then  + ⋯ + ∼ Cauchy(0,n),Y1 Yn

and hence  ∼ Cauchy(0, 1).
+ ⋯ +Y1 Yn

n

Since  = ,Un ∑
i=1

n

Yi

∼ Cauchy(0, 1) for every n,
Un

n

⇒ Cauchy(0, 1).
Un

n
→
d

Result 3 (WLLN ):

= ∼ , E( ) = 1.Vn ∑
i=1

2n

X2
i

χ2
2n X2

1

= E( ) = 1,
1

2n
Vn

1
2n
∑
i=1

2n

X2
i −→−

a.s.
X2

1

⇒ = 2 ⋅ 2.
Vn

n

Vn

2n
→
p

Rewrite   and apply Slutsky's theorem:Zn

= = .Zn

Un

Vn

/nUn

/nVn

Cauchy(0, 1), 2.
Un

n
→
d Vn

n
→
p

Result 4 (Slutsky):

If  A, b ≠ 0,  then  /An →
d

Bn →
p

An Bn

A/b.→
d

Hence = .Zn

/nUn

/nVn
→
d Cauchy(0, 1)

2

Result 5 (scaling of Cauchy):

If C ∼ Cauchy(0, γ) and a ≠ 0,  then aC
∼ Cauchy(0, |a|γ).

Thus if C ∼ Cauchy(0, 1),  then  C
1
2

∼ Cauchy(0, ) .
1
2

⇒ Cauchy(0, ) .Zn →
d 1

2

The limiting distribution of   is CauchyZn

(0, ) ,  so the correct option is (D).1
2
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Q7 Text Solution:

Q8 Text Solution:

Q9 Text Solution:

      |       |   

Solution:

Given: 
Consider the probability space (Ω,F ,P)

= ((0, 1),  B(0, 1),   ),  where  ((0,x])PU PU

= x,  x ∈ (0, 1).

Define X(ω) = log , ω ∈ (0, 1).
1

1 − ω

X(ω) = log = − log(1 − ω),
1

1 − ω

0 < ω < 1.

Proof that X is exponential:

P(X ≤ x) = P(− log(1 − ω) ≤ x)

= P(1 − ω ≤ ) = P(ω ≥ 1 − ).e−x e−x

Since ω ∼ Uniform(0, 1),

P(ω ≥ 1 − ) = , x ≥ 0.e−x e−x

⇒ P(X ≤ x) = 1 − , x ≥ 0,e−x

which is the CDF of the exponential distribution with parameter 1.

Hence X ∼ Exponential(1).

Result: E( ) = , t > −1.e−tX 1
1 + t

Step 1: E( ) = = .e− X
3
4

1

1 + 3
4

4
7

Step 2: E( ) = = .e− X
3
2

1

1 + 3
2

2
5

Step 3:  Var( ) = E( )e− X3
4 e− X3

2

− .(E( ))e− X
3
4

2

= − = = .
2
5

16
49

98 − 80
245

18
245

Var( ) = .e− X
3
4

18
245

Correct option is (C).

Solution:

X ∼ Uniform(2, 12), (x) =fX
1

12 − 2

= , 2 ≤ x ≤ 12.
1

10

Z = {
X − 4,

X + 2,

X ≤ 8,

X > 8.

General Formula:

If Z = {
(X),Z1

(X),Z2

X ∈ A,

X ∈ ,Ac

then E(Z) = E( (X) ) + EZ1 1A

( (X) ) .Z2 1Ac

In the continuous case, E(Z) =

∫ (x) (x) dx + (x) (x) dx.
A

Z1 fX ∫
Ac
Z2 fX

Write E(Z) as an integral:

E(Z) = E((X − 4)1{X≤8}

+ (X + 2) )1{X>8}

= (x − 4) dx + (x + 2) dx.∫
8

2

1
10

∫
12

8

1
10

First integral:

(x − 4) dx = (x − 4) dx∫
8

2

1
10

1
10
∫

8

2

= .
1

10
[ − 4x]x2

2

8

2

= ( − 4 ⋅ 8)[ − 4x]x2

2

8

2

82

2

−( − 4 ⋅ 2) = (32 − 32) − (2 − 8) = 0
22

2

− (−6) = 6.

⇒   (x − 4) dx = = 0.6.∫
8

2

1
10

6
10

Second integral:

(x + 2) dx = (x + 2) dx∫
12

8

1
10

1
10
∫

12

8

= .
1

10
[ + 2x]x2

2

12

8

= ( + 2 ⋅ 12)[ + 2x]x2

2

12

8

122

2

−( + 2 ⋅ 8) = (72 + 24) − (32 + 16)
82

2
= 96 − 48 = 48.

⇒   (x + 2) dx = = 4.8.∫
12

8

1
10

48
10

Add both parts:

E(Z) = 0.6 + 4.8 = 5.4.

E(Z) = 5.4.

Correct option: (B)
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Q10 Text Solution:

 

Q11 Text Solution:
Given 

 is an increasing function, hence it cuts the 
-axis only once.
Thus, it has exactly one real root of for all .
So option (b) is correct answer.

Q12 Text Solution:
Let   and 
Then 
but 

and 

Hence, by sequential criteria limit does not exists.

Q13 Text Solution:

Eigenvalues of A are 1, 

Using, Cayley's Hamilton theorem

Apply   on both sides, we get

 for 
Compare with above equation (i), we get
a = 1, b = 4, c = 1
So, (a, b, c) = (1, 4, 1)

Q14 Text Solution:
Note that .

So, by squeeze theorem

Q15 Text Solution:

Q16 Text Solution:
Case (i) : Let   then by choosing   to be
sufficiently
large,   can be made an integer, then

.

Case (ii) let , then 

Hence,   is nowhere continuous on  .

Q17 Text Solution:

      |       |   

Solution.

P( ≤ θ ≤ 2X) = P(X ≥ ) =
X

2
θ

2

∫ dx.
θ

θ/2

3x2

θ3

= = ( − ) = 1
3
θ3
[ ]x3

3

θ

θ/2

1
θ3

θ3 ( )θ
2

3

− = .
1
8

7
8

∴  Confidence coefficient  = .
7
8

Solution.

L(θ)  ∝     = c( )θ3
40( )2(1−θ)

3

40
( )θ+1

3

40

  (1 − θ) .θ40 40(1 + θ)40

ℓ(θ) = lnL(θ) = ln c + 40 ln θ

+ 40 ln(1 − θ) + 40 ln(1 + θ).

= − + = 0dℓ(θ)
dθ

40
θ

40
1−θ

40
1+θ

⇒  1 − 3 ⇒ = .θ2 θ̂ 1
3√

∴   The MLE of θ is  .1
3√

Hence Option A is TRUE.

f : R → R

f(x) = + x + ax3

⇒ (x) = 3 + 1 > 0∀xf ′ x2

⇒ f x

a

= + 2nπan
π
2 = + 2nπbn

3π
2

→ ∞,   → ∞an bn

f ( ) = → ∞lim
n→∞

an lim
n→∞

( + 2nπ)π
2

2

f ( ) = = 1lim
n→∞

bn lim
n→∞

( + 2nπ)3π
2

1−1

A =
⎡

⎣
⎢⎢

1

1
0

0

−2
0

2

0
−3

⎤

⎦
⎥⎥

−2, −3
⇒   (x) = (x − 1)(x + 2)(x + 3)CA

= (x − 1) ( + 5x + 6)x2

= + 5 + 6x − − 5x − 6x3 x2 x2

(x) = + 4 + x − 6CA x3 x2

⇒ + 4 + A − 6I = 0A3 A2

⇒ 6I = + 4 + AA3 A2

A−1

⇒ 6 = + 4A + IA−1 A2

⇒ 6 = a + bA + cIA−1 A2 a, b, c ∈ R

kα − 1 ≤ [kα] ≤ kα  ∀k ∈ N

⇒ ≤α−1+2α−1+…+nα−1
n2

[α]+[2α]+…+[nα]

n2

≤ α+2α+…+nα

n2

⇒ ≤ ≤
−n

αn(n+1)

2

n2 xn
αn(n+1)

2n2

 Clearly,    =lim
n→∞

αn(n+1)

2n2
α
2

=  lim
n→∞

−n
αn(n+1)

2

n2

=lim
n→∞

xn
α
2

Consider  =an+1

an

an

1+a2
n

an

= ≤ 1 [ since  ≥ 0]1
1+a2

n
a2
n

⇒ ≤ ; ∀n ∈ Nan+1 an

⇒ < > is monotonically decreasing an

 Now, for bounds using PMI 
 For n = 1

= > 0a2
a1

1+a2
1

 Let  = > 0ak
ak−1

1+a2
k−1

 Then  = > 0ak+1
ak

1+a2
k

⇒ > 0 ∀n ∈ Nan

x ∈ Q n

n!x
sin(n!πx) = 0

⇒ f(x) = = 0lim
t→0

0
0+t2

x ∈ Qc 0 < (n!πx) < 1sin2

⇒ f x =     = 1
⎛

⎝
⎜
⎞

⎠
⎟ lim

n→∞

⎡

⎣
⎢lim
t→0

1

1+ t2

(n!πx)sin2

⎤

⎦
⎥

⇒ f x = {
⎛

⎝
⎜
⎞

⎠
⎟ 0    x ∈ Q

1    x ∈ Qc

f R

Solution:

Let  = | |, = [ ] = [| |],Yi Xi Zi Yi Xi

= .Sn ∑
i=1

n

Zi

Since the density of   is symmetric,   has  (y)Xi Yi fY

= , y > 0, ⇒ ∼ Exponential(1).e−y Yi
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Q18 Text Solution:

Q19 Text Solution:

      |       |   

Distribution of  = [ ] :Z1 Y1

P( = k) = P(k ≤ < k + 1)Z1 Y1

= dy∫
k+1

k

e−y

= (1 − ) , k = 0, 1, 2, …e−1 e−k

Result:

For the geometric distribution on {0, 1, 2,
…},

E( ) = , Var( ) = ,Z1
1 − p

p
Z1

1 − p

p2

with p = 1 − .e−1

E( ) = , Var( ) = .Z1
1

e − 1
Z1

e

(e − 1)2

Using CLT:

N(0, 1)
−Sn an

bn
→
d

for  = nE( ) = ,an Z1
n

e − 1

= = .bn n Var( )Z1
− −−−−−−−

√
en−−−√

e − 1

Then  = , 1 − = 1 −
bn

an

e

n

−−
√

bn

an

e

n

−−
√

.

Result:  log(1 − x) ∼ −x as x → 0.

log(1 − ) = log(1 − ) ∼ − .
bn

an

e

n

−−
√

e

n

−−
√

log(1 − ) ∼ (− ) =
1
2

n−−√
bn

an

1
2

n−−√
e

n

−−
√

− .
e√

2

log(1 − ) = − .lim
n→∞

1
2

n−−√
bn

an

e√
2

Correct option: (B)  − .
e√

2

Solution.

The density is  (x) =fθ

⎧

⎩
⎨
⎪

⎪
,

θ

x2

0,

x ≥ θ,

otherwise,
θ > 0.

For a random sample  , … , , let X1 Xn x(1)

= min( , … , ).x1 xn

The joint density under θ is  ( , … , )fθ x1 xn

= ( ) I{ ≥ θ}.θn ∏
i=1

n

x−2
i x(1)

Hence the likelihood is L(θ ∣ x)

= I{θ ≤ }( ) .θn x(1) ∏
i=1

n

x−2
i

For testing  : θ = 1 against  : θ = 2,H0 HA

 the likelihood ratio is Λ(x) =
L(2 ∣ x)

L(1 ∣ x)

= I{ ≥ 2}.2 n x(1)

Since the family has a monotone likelihood ratio in  ,x(1)

 the MP test rejects for large  .x(1)

Thus the critical region has the form 
{( , … , ) : > c}.x1 xn x(1)

To find c, impose the size condition under H0

: θ = 1.

( > x) = ( > x, … , > x)P1 X(1) P1 X1 Xn

= .( ( > x))P1 X1
n

( > x) = dt = , x ≥ 1.P1 X1 ∫
∞

x

1
t2

1
x

⇒ ( > x) = , x ≥ 1.P1 X(1) ( )1
x

n

The size α condition is  ( > c) = α.P1 X(1)

⇒ = α ⇒ c = .( )1
c

n

α−1/n

Hence the MP size α critical region is 

{( , … , ) : > }.x1 xn x(1) α−1/n

Reject   if  > .H0 x(1) α−1/n

Solution.

On the support we have 0 ≤ x ≤ ,
1
3

≤ y ≤ 5 ,x2 x2

and since x ≥ 0, |x| = x, so f(x, y) = kx.

1 = kxdy dx = kxdy∬
support

∫
1/3

0
∫

5x2

x2

dx = kx(5 − ) dx = 4k∫
1/3

0
x2 x2 ∫

1/3

0
x3

dx.

dx = = = .∫
1/3

0
x3 x4

4

∣

∣
∣
1/3

0

1

4 ⋅ 34

1
324

⇒ 1 = 4k ⋅ = ⇒ k = 81.
1

324
k

81

Thus f(x, y) = 81x on the support.
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The event 2X + 3Y > 1 is equivalent to y

> .
1 − 2x

3

We must solve the intersections of y

=  with y =  and y = 5 .
1 − 2x

3
x2 x2

= ⇒ 3 + 2x − 1 = 0 ⇒x2 1 − 2x
3

x2

(3x − 1)(x + 1) = 0 ⇒ x =  in [0, 1/3]
1
3.

5 = ⇒ 15 + 2x − 1 = 0 ⇒x2 1 − 2x
3

x2

(5x − 1)(3x + 1) = 0 ⇒ x

=  in [0, 1/3].
1
5

Hence on 0 ≤ x ≤ , 5 ≤ ,
1
5

x2 1 − 2x
3

 so there is no contribution to P(2X + 3Y

> 1).

On  < x < , < < 5 ,
1
5

1
3

x2 1 − 2x
3

x2

 so the event region is y ∈ ( , 5 )1 − 2x
3

x2

.

P(2X + 3Y > 1) = 81xdy∫
1/3

1/5
∫

5x2

(1−2x)/3

dx.

= 81x(5 − ) dx =∫
1/3

1/5
x2 1 − 2x

3

∫ 81x(5 + − ) dx.
1/3

1/5
x2 2x

3
1
3

= 81 (5 + − x) dx.∫
1/3

1/5
x3 2

3
x2 1

3

∫ (5 + − x) dx = +x3 2
3
x2 1

3
5
4
x4 2

9
x3

− .
1
6
x2

= .[ + − ]5
4
x4 2

9
x3 1

6
x2

x=1/3

x=1/5

976
121500

⇒ P(2X + 3Y > 1) = 81 ⋅
976

121500

= .
244
375

P(2X + 3Y > 1) = .
244
375

Solution.

, ∼ BernoulliX1 X2

( )  independent, and M =
1
2

min( , ).X1 X2

Since  ∈ {0, 1},  M = min( , )Xi X1 X2

= { 1,
0,

if  = 1 and  = 1,X1 X2
otherwise.

⇒  M = .X1X2

E( ) = ,X2
1
2

E(M) = P( = 1, = 1) = .X1 X2
1
4

E( M) = E( ) = E( ) = .X2 X2
2X1 X2X1

1
4

Cov( ,M) = E( M) − E( )E(M)X2 X2 X2

= − ⋅ = .
1
4

1
2

1
4

1
8

Var( ) = ⋅ = , Var(M) =X2
1
2

1
2

1
4

1
4

⋅ = .
3
4

3
16

Corr( ,M) =X2
Cov( ,M)X2

Var( )X2
− −−−−−−√ Var(M)− −−−−−−√

= = .
1
8

1
4

−−
√ 3

16

−−
√

1

3–√

1

3–√

Solution.

Let N  denote the total number of trains in one hour and F  the number o

N ∼ Poisson(80), P(freight) = 0.2,
P(passenger) = 0.8.

By thinning of the Poisson process, F
∼ Poisson(80 × 0.2) = Poisson(16),

and P ∼ Poisson(80 × 0.8)
= Poisson(64),  with F ⊥ P .

Also N = F + P .

E[N ∣ F = 16] = E[F ∣ F = 16]
+ E[P ∣ F = 16].

E[F ∣ F = 16] = 16, E[P ∣ F = 16]
= E[P ] = 64.

E[N ∣ F = 16] = 16 + 64 = 80.

E[N ∣ F = 16] = 80.
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Let {N(t), t
≥ 0} be a Poisson process with rate λ

> 0.

Each arrival is independently classified as type I with probability p

and as type II with probability 1 − p.

Let  (t) and N1 N2

(t

) denote the corresponding counting processes of type I and type II arrivals.

Then  (t) ∼ Poisson(λpt),N1

(t) ∼ Poisson(λ(1 − p)t),N2

and  (t) ⊥ (t), t ≥ 0.N1 N2

Solution.

We have U = X + Y , V = 4X − 2Z,
W = 3Y + Z,  where X,Y ,
Z are independent N(0,

1) random variables.

All variables are jointly Gaussian, so we can use

= .ρVW∣U
−ρVW ρVUρWU

(1 − )(1 − )ρ2
VU ρ2

WU

− −−−−−−−−−−−−−−−
√

First compute variances.

Var(U) = Var(X + Y ) = 1 + 1 = 2.

Var(V ) = Var(4X − 2Z) = ⋅ 1 + (−242 )2

⋅ 1 = 16 + 4 = 20.

Var(W) = Var(3Y + Z) = ⋅ 1 + ⋅ 132 12

= 9 + 1 = 10.

Next compute covariances using independence of X,
Y ,Z.

Cov(V ,W) = Cov(4X − 2Z, 3Y + Z) = 4
⋅ 3 Cov(X,Y ) + 4 ⋅ 1 Cov(X,Z) − 2 ⋅ 3

Cov(Z,Y ) − 2 ⋅ 1 Var(Z) = −2.

Cov(V ,U) = Cov(4X − 2Z, X + Y ) = 4
Var(X) = 4.

Cov(W ,U) = Cov(3Y + Z, X + Y ) = 3
Var(Y ) = 3.

Now compute the ordinary correlations.

= = =ρVW
Cov(V ,W)

Var(V ) Var(W)− −−−−−−−−−−−−√

−2

20 ⋅ 10− −−−−√

− .
1

5 2–√

= =ρVU
Cov(V ,U)

Var(V ) Var(U)− −−−−−−−−−−−√

4

20 ⋅ 2− −−−√

= .
2

10−−√

= =ρWU

Cov(W ,U)

Var(W) Var(U)− −−−−−−−−−−−−√

3

10 ⋅ 2− −−−√

= .
3

2 5–√

Compute the numerator of the partial correlation:

− = −ρVW ρVUρWU

1

5 2–√

−( )( ) = − − =
2

10−−√

3

2 5–√

1

5 2–√

3

5 2–√

− .
4

5 2–√

Compute the denominator:

1 − = 1 − = 1 − = ,ρ2
VU ( )2

10−−√

2 4
10

3
5

1 − = 1 − = 1 − = .ρ2
WU ( )3

2 5–√

2 9
20

11
20

=(1 − )(1 − )ρ2
VU ρ2

WU

− −−−−−−−−−−−−−−−
√ ⋅

3
5

11
20

− −−−−−
√

= = .
33
100

− −−−
√ 33−−√

10

Therefore

= = − ⋅ =ρVW∣U

− 4
5 2√

33√
10

4

5 2–√

10

33−−√

− = − .
40

5 66−−√
8

66−−√

= − .ρVW∣U
8

66−−√

Hence the correct option is C.
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Let   ,    ,   ⋯  ,  X1 X2 Xn

 be random sample of size n  (≥ 2)
 from a distribution having
probability density function 
                f (x,  θ)

= {   ,     x > θ1
3 e

−
(x−θ)

3

0 ,                         otherwise 
where θ ∈ R.  Let   X(1)

= min ( ,    ,   ⋯ ,   ).X1 X2 Xn

Now ,    is Complete sufficient for θ.X(1)

Since 
E ( + − ) = E ( )X1 e| − |X1 X3 e| − |X2 X4 X1

⇒ θ + 3
since   are i.i.d. random variables. Xi

 E ( ) = E ( )e| − |X1 X3 e| − |X2 X4

By Rao Blackwell theorem,

E ( + − ) X1 e| − |X1 X3 e| − |X1 X3 ∣∣X(1)

= h ( )X(1)

E ( ) = θ +X(1)
3
n

E ( − ) = θX(1)
3
n

h ( ) = − + 3X(1) X(1)
3
n

            =   + 3X(1)
(n−1)
n

Hence Correct option is C.

The random variable X takes the  values
  {−1 ,  0,  1}according to the distribution

{ : 0 < p < } such that XFp
1
3

=
⎧

⎩
⎨
⎪

⎪

−1      with probability    p,

0         with probability    2p,
1        with probability      1 − 3p.

Let   and X1 X2

 be random sample from this distribution.
 Define T   = | + |X1 X2

Completeness of X :

E (g (X)) = 0
⇒ g (−1) × p + g (0) × 2p + g (1)

× (1 − 3p) = 0  ,    for all p  ∈ (0, )1
3

⇒ p (g (−1) + 2g (0) − 3g (1)) + g (1) = 0 

  ,   for all p  ∈ (0, )1
3

so,  g (1)  = 0 and g (−1) + 2g (0) = 0  ,    

  for all p  ∈ (0, )1
3

now,  
consider the function g

g (x) =
⎧

⎩
⎨
⎪

⎪

1,        x =  0

−2,     x = −1
0,         x = 1.

Then E (g (X))  = 0 ,  for all p  ∈ (0, )1
3

 But P (g (X) = 0) ≠ 1.
So  X is not complete.
Completeness of T :

Distribution of T   :
P (T = 0)  = P ( = 0,   = 0)X1 X2

+ P ( = 1,   = −1)X1 X2

+ P ( = −1,   = 1)X1 X2

                = 4 + 2p (1 − 3p)p2

Similarly,

  P (T = 1) = 4 + 4p (1 − 3p)p2

 P (T = 2) = +p2 (1 − 3p)2

Now,
E (h (T)) = 0

⇒ h (0) × (4 + 2p (1 − 3p))+ h (1)p2

× (4 + 4p (1 − 3p))+ h (2)p2

× = 0,      for all p ( + (1 − 3p))p2 2

∈ (0, )1
3

⇒ 2 {−h (0) − 4h (1) + h (2)}p2

+ 2p {h (0) + 2h (1) − 3h (2)}  + h (2)

= 0,      for all p  ∈ (0, )1
3

⇒ h (2) = 0 ,    − h (0) = h (1) and 2h (1)

= −h (0),      for all p  ∈ (0, )1
3

⇒ h (0) = h (1) = h (2) = 0,      for all p 

∈ (0, )1
3

Then E (h (T))  = 0 ,  for all p  ∈ (0, ).1
3

So   ,  T  is  complete.
Hence D is correct option.
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Q25 Text Solution:
Hence D is correct option.

Q26 Text Solution:
 

      |       |   

X ∼ N(0, 9), P(Y = 1) = P(Y = −1)

= , X ⊥ Y ,1
2

Z = XY + .
X

Y

For Y = 1 :   Z = X ⋅ 1 + = 2X.X
1

For Y = −1 : Z = X ⋅ (−1) + =
X

−1
−X − X = −2X.

∴ Z = {
2X,

−2X,

with prob.  ,1
2

with prob.  .1
2

2X ∼ N(0, 36), −2X ∼ N(0, 36).

(z) = P(Z ≤ z)FZ

= P(Z ≤ z ∣ Y = 1)P(Y = 1)

+ P(Z ≤ z ∣ Y = −1)P(Y = −1).

(z) = P(2X ≤ z) + P(−2X ≤ z).FZ
1
2

1
2

P(2X ≤ z) = P(X ≤ ) = P( ≤ )z

2
X

3
z

6

= Φ( ) .
z

6

P(−2X ≤ z) = P(X ≥ − ) = 1 − Φ
z

2

(− ) = Φ( ) .
z

6
z

6

∴ (z) = Φ( )+ Φ( ) = Φ( ) ,FZ
1
2

z

6
1
2

z

6
z

6

Z ∼ N(0, 36)  and  (z) = Φ( ) .FZ

z

6

Now,

− 2 − Z + 2 = (Z − 2)(Z − 1)(ZZ3 Z2

+ 1).

(Z − 2)(Z − 1)(Z + 1) < 0 ⟺ Z

∈ (−∞, −1) ∪ (1, 2).

P( − 2 − Z + 2 < 0) = P(Z < −1)Z3 Z2

+ P(1 < Z < 2).

Z ∼ N(0, ) ⇒ ∼ N(0, 1).62 Z

6

P(Z < −1) = Φ(− ) ,
1
6

P(1 < Z < 2) = Φ( )− Φ( ) .
2
6

1
6

P( − 2 − Z + 2 < 0) = Φ(− )+ ΦZ3 Z2 1
6

( )− Φ( )1
3

1
6

We have  ~N (θ, 5)Xi

For the normal family N(θ,

5) (variance known),   is complete and sufficient for θX̄

.

If an estimator has the form T(X)

= h( ),  where h is one–to–one,X̄

Consider h(x) = x + exp(2(x − 1)),
x ∈ R.

(x) = 1 + 2 exp(2(x − 1)).h′

Since  exp(⋅) > 0,  we have  (x) = 1h′

+ 2 exp(2(x − 1)) > 1 > 0 for all x ∈ R.

Therefore  (x)h′

> 0 everywhere, so h is strictly increasing
.

Hence h is one--one (injective).

then T
(X) and   contain the same information about θX̄

.

Hence T
(X

) is also a (one–to–one) function of the complete sufficient statistic  .X̄

Therefore any unbiased estimator of this form is the UMVUE (Lehmann

Given n = 5, = 5.σ2

∼ N(μ, ) = N(μ, 1).X̄
σ2

n

(a) UMVUE of  .e2μ

E( ) = exp(2μ + ) = exp(2μ + 2)e2X̄ 2σ2

n
.

Let  ( ) = c .ĝ X̄ e2X̄

E( ) = c = ⇒ c = .ĝ e2μ+2 e2μ e−2

.( ) =ĝ X̄ e−2e2X̄

(b) CRLB for estimating  .e2μ

g(μ) = ⇒ (μ) = 2 .e2μ g′ e2μ

(μ) = = = 1.I5
5
σ2

5
5

CRLB = = = 4 .
( (μ)g′ )2

(μ)I5

(2e2μ)2

1
e4μ

.CRLB = 4e4μ

Android App iOS App PW Website

https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/


IIT JAM

Hence D is correct.

Q27 Text Solution:

Q28 Text Solution:

      |       |   

(c) Variance of the UMVUE.

= .ĝ e−2e2X̄

= .ĝ
2

e−4e4X̄

E( ) = exp(4μ + ) = exp(4μ + 8)e4X̄ 8σ2

n
.

E( ) = = .ĝ
2

e−4e4μ+8 e4μ+4

Var( ) = E( ) − (E = −ĝ ĝ
2

ĝ)2 e4μ+4 e4μ

= ( − 1).e4μ e4

.Var( ) = ( − 1)ĝ e4μ e4

(d) Comparison.

Since the exponential function is convex, by the tangent line inequality we have

≥ 1 + x for all x ∈ R,ex

with strict inequality  > 1 + x for xex

≠ 0.

− 1 > 4 ⇒ ( − 1) > 4e4 e4μ e4 e4μ

= CRLB.

Hence the CRLB is not attained.

UMVUE  = , CRLB = 4 ,e−2e2X̄ e4μ

Var( ) = ( − 1).ĝ e4μ e4

Solution .

= mod 2026 = ( + + ⋯Xn Yn Z1 Z2

+ ) mod 2026.Zn

Each   is uniform on {1, 2, … , 2025}.Zi

Modulo 2026,
 {1, 2, … , 2025

} are exactly the nonzero residues 1, … ,
2025.

Thus the increment Zi

mod 2026 takes each nonzero residue with probability  .
1

2025

The process ( ) is a Markov chain on Xn

{0, 1, … , 2025}.

From any state r,   = (r + )Xn+1 Zn+1

mod 2026 can move to many states.

Because the steps cover all nonzero residues, repeated sums generate every residue class mod 2026.

Hence the chain is irreducible.

There exist cycles of different lengths, so the gcd of cycle lengths is 1;  thus the chain is aperiodic.

For a finite irreducible aperiodic Markov chain on the group  ,Z2026

with symmetric step support covering all residues, the unique stationary

∴  π(r) = (X = r) = ,Pstat
1

2026
r = 0, 1, … , 2025.

By convergence to stationarity, P(Xn

= r) → π(r) as n → ∞.

⇒   P( = 2025) = .lim
n→∞

Xn

1
2026

P( = 2025) = .lim
n→∞

Xn
1

2026

Thus, option C is correct.

Model:  = β + , E( ) = 0,   VarYi Xi εi εi

( ) = .εi σ2

= , = .β̂1
∑n

i=1 XiYi

∑n
i=1 X

2
i

β̂2
∑n

i=1 Yi

∑n
i=1 Xi

Unbiasedness of  :β̂1

= β + ⇒ =Yi Xi εi ∑
i=1

n

XiYi

(β + ) = β + .∑
i=1

n

Xi Xi εi ∑
i=1

n

X2
i ∑

i=1

n

Xiεi

= = ββ̂1
β +∑n

i=1 X
2
i ∑n

i=1 Xiεi

∑n
i=1 X

2
i

+ .
∑n

i=1 Xiεi

∑n
i=1 X

2
i

E( ) = β + = ββ̂1
E ( )∑n

i=1 Xiεi

∑n
i=1 X

2
i

+ = β.
E( )∑n

i=1 Xi εi

∑n
i=1 X

2
i

Thus   is unbiased for β.β̂1

Unbiasedness of  :β̂2

= (β + ) = β +∑
i=1

n

Yi ∑
i=1

n

Xi εi ∑
i=1

n

Xi ∑
i=1

n

εi

.

= = β + .β̂2
∑n

i=1 Yi

∑n
i=1 Xi

∑n
i=1 εi

∑n
i=1 Xi

E( ) = β + = β.β̂2
E ( )∑n

i=1 εi

∑n
i=1 Xi

Hence   is also unbiased for β.β̂2

Variances:

− β = .β̂1
∑n

i=1 Xiεi

∑n
i=1 X

2
i
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Q29 Text Solution:
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Var( ) =β̂1
Var( )∑n

i=1 Xiεi

( )∑n
i=1 X

2
i

2

= = .
∑n

i=1 X
2
i σ

2

( )∑n
i=1 X

2
i

2

σ2

∑n
i=1 X

2
i

− β = .β̂2
∑n

i=1 εi

∑n
i=1 Xi

Var( ) = = .β̂2
Var( )∑n

i=1 εi

( )∑n
i=1 Xi

2

nσ2

( )∑n
i=1 Xi

2

Compare  Var( ) and  Var( ).β̂1 β̂2

( ≤ n∑
i=1

n

Xi)2 ∑
i=1

n

X2
i

(Cauchy--Schwarz inequality).

⇒   ≥ .
1

(∑n
i=1 Xi)2

1

n∑n
i=1 X

2
i

⇒   Var( ) = ≥β̂2
nσ2

(∑n
i=1 Xi)2

nσ2

n∑n
i=1 X

2
i

= = Var( ).
σ2

∑n
i=1 X

2
i

β̂1

Since the   are distinct and positive, the inequality is strict,Xi

⇒   Var( ) > Var( ).β̂2 β̂1

Both estimators are unbiased and   has larger variance than  .β̂2 β̂1

Take  = , i = 1, 2, … ,n.Xi i2

= = .∑
i=1

n

Xi ∑
i=1

n

i2 n(n + 1)(2n + 1)
6

= ( =∑
i=1

n

X2
i ∑

i=1

n

i2)2 ∑
i=1

n

i4

= .
n(n + 1)(2n + 1)(3 + 3n − 1)n2

30

Var( ) =β̂1
σ2

∑n
i=1 X

2
i

=
σ2

n(n+1)(2n+1)(3 +3n−1)n2

30

= .
30σ2

n(n + 1)(2n + 1)(3 + 3n − 1)n2

Var( ) =β̂2
nσ2

( )∑n
i=1 Xi

2

= =
nσ2

( )n(n+1)(2n+1)
6

2

36σ2

n(n + 1 (2n + 1)2 )2

.

Hence  Var( ) > Var( ) for all n ≥ 2.β̂2 β̂1

Thus, options C correct.

Let ( , … , ) ∼ Multinomial(n; ,X1 Xk p1

… , ), ≥ 0,   = 1.pk pi ∑
i=1

k

pi

Then  + ⋯ + = n.X1 Xk

Means:

E( ) = n , i = 1, … , k.Xi pi

Variances:

Var( ) = n (1 − ), i = 1, … , k.Xi pi pi

Covariances:

Cov( , ) = −n , i ≠ j.Xi Xj pipj

Variance--covariance matrix Σ = Var
( , … , ).X1 Xk

= n (1 − ), = −n  (i ≠ j).Σii pi pi Σij pipj

Σ

=

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜

n (1 − )p1 p1

−np2p1

⋮

−npkp1

−np1p2

n (1 − )p2 p2

⋮

−npkp2

⋯

⋯

⋱

⋯

−np1pk

−np2pk

⋮

n (1 − )pk pk

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟

.

Compact matrix form:

p = ( , … , ,p1 pk)T

Diag(p) = diag( , … , ).p1 pk

Σ = n(Diag(p) − p ).pT

Property 1: rows and columns sum to zero.

Σ1 = 0, 1 = (1, … , 1 .)T

Hence the vector of ones is an eigenvector with eigenvalue 0.

Property 2: singularity and rank.

Since Σ1 = 0,  Σ is singular.

rank(Σ) = k − 1.

Property 3: signs of covariances.

= n (1 − ) ≥ 0, = −nΣii pi pi Σij pipj

≤ 0 (i ≠ j).

So variances are nonnegative and all off-diagonal covariances are nonpo

Property 4: correlation between   and   (i ≠ j)Xi Xj

.

=ρij
Cov( , )Xi Xj

Var( ) Var( )Xi Xj
− −−−−−−−−−−−−−√

= .
−npipj

n (1 − )pi pi
− −−−−−−−−√ n (1 − )pj pj

− −−−−−−−−√
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Q30 Text Solution:
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= − .ρij
pipj

(1 − )(1 − )pi pj

− −−−−−−−−−−−−
√

Property 5 (uniform case  = 1/k):pi

=  ∀i ⇒ Σ = n( I − J) ,pi
1
k

1
k

1
k2

where I is the k
× k identity and J is the all-ones matrix.

Eigenvalues of Σ :  0 (once),

   (multiplicity k − 1).
n

k

So the largest eigenvalue is  = .λmax
n

k

We have : k = 4,  n = 50,   = =p1 p2 p3

= = .p4
1
4

E( ) = n = 50 ⋅ = 12.5, i = 1, 2, 3,Xi pi
1
4
4.

Var( ) = n (1 − ) = 50 ⋅ ⋅ = 50Xi pi pi
1
4

3
4

⋅ = = 9.375.
3

16
150
16

Cov( , ) = −n = −50 ⋅ ⋅ =Xi Xj pipj
1
4

1
4

−50 ⋅ = − = −3.125, i ≠ j.
1

16
50
16

Thus the covariance matrix Σ is

Σ

=

⎛

⎝

⎜⎜⎜⎜⎜

9.375

−3.125

−3.125

−3.125

−3.125

9.375

−3.125

−3.125

−3.125

−3.125

9.375

−3.125

−3.125

−3.125

−3.125

9.375

⎞

⎠

⎟⎟⎟⎟⎟

.

This matches the form Σ

= n( I − J) = 50( I − J) .
1
4

1
16

1
4

1
16

Eigenvalues in the uniform case (pi
= 1/4) :

= 0, = = = =λ1 λ2 λ3 λ4
n

k

50
4

= 12.5.

Hence  rank(Σ) = 3, = 12.5.λmax

For ( , … , ) ∼ Multinomial(n; ,X1 Xk p1

… , ), Σ = Var(X)pk

= n(Diag(p) − p ).pT

tr(Σ) = Var( ) = n (1 − ).∑
i=1

k

Xi ∑
i=1

k

pi pi

tr(Σ) = n ( − ) = n(1 − ) .∑
i=1

k

pi p2
i ∑

i=1

k

p2
i

Uniform case:  = ⋯ = = .p1 pk
1
k

= k = .∑
i=1

k

p2
i ( )1

k

2 1
k

∴ tr(Σ) = n(1 − ) = .
1
k

n(k − 1)
k

Given k = 4,  n = 50,   = .pi
1
4

tr(Σ) = 50(1 − ) = 50 ⋅ = 37.5.
1
4

3
4

Since 0 is an eigen value of Σ.

 eigenvalue of − Σ + I=2×0-0+1=1 2Σ2

Hence 1 is always an eigenvalue of 2Σ2

− Σ + I.

Hence C is correct option.

Solution:

X,Y ,Z are i.i.d.Bernoulli(θ), 0 < θ < 1.

The joint pmf of X,Y ,
Z belongs to a one-parameter exponential family.

Hence T = X + Y

+ Z is a natural sufficient statistic for θ.

(A) (79 + 2024 ,  23 log(1 + Z))eX eY

Since  , , logeX eY

(1 + Z) are one--to--one functions of X,Y ,
Z,

the pair is a function of (X,Y ,
Z) and thus of T = X + Y + Z.

Therefore (A) is a sufficient statistic.

(B) eX+Y+Z

The transformation t ↦  is one--to--one,et

so   is a minimal sufficient statistic (being a bijective function of TeX+Y+Z

Hence (B) is true.

(C) X + Y + Z

The sum T = X + Y

+ Z is the complete sufficient statistic in the Bernoulli family

(equivalently Binomial(3, θ) for T).

(Now,) 13(X + Y + Z)2

T = X + Y + Z ∼ Binomial(3, θ),
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Q31 Text Solution:
Let 
Consider 
For option (a):
If 

Now if 

Limit exist when 

.
Hence, option (A) and (B) are correct.

Q32 Text Solution:
Since 1 is the only eigen value of   and   is of
dimension .
So, characteristic polynomial is  .
By Cayley-Hamilton theorem

Hence, options (C) and (D) are correct.

Hence, options (A) and (B) are incorrect.

Q33 Text Solution:

Q34 Text Solution:

      |       |   

which is a complete sufficient statistic for θ
.

The mapping t ↦ 13  is one--to--one on t2

{0, 1, 2, 3},

hence 13(X + Y

+ Z  is a bijective function of T .)2

Therefore 13(X + Y

+ Z  is also complete and sufficient.)2

Thus (C) is true.

(D) (X − 2Y + Z)

The distribution of (X − 2Y
+ Z) depends on θ,

 so it cannot be ancillary.

E(X) = E(Y ) = E(Z) = θ.

E(X − 2Y + Z) = E(X) − 2E(Y ) + E(Z)
= θ − 2θ + θ = 0.

Although E(X − 2Y + Z) = 0,
 the full distribution depends on θ

since P(X − 2Y + Z = 1)

= P(X = 1,Y = 0,Z = 0) = θ(1 − θ ,)2

and similarly for other values. Thus the law of (X
− 2Y + Z)

depends on θ.

Hence (X − 2Y + Z) is not ancillary.

Hence (D) is false.

Correct statements: (A), (B), (C).

Correct option  (D).

α ∈ R

→ αxn

∈ Qxn
⇒ =  if α ≠ 0xn

pn
qn

⇒ f ( ) = =xn
sin 1

qn

sin 1
pn

pn

qn

1
pn

sin 1
pn

sin 1
qn

1
qn

= → α
pn

qn

∈xn Qc

⇒ f ( ) = 1 + sin ( − 1) → 1xn xn

+ sin (α − 1)
α = 1 + sin (α − 1)

⇒ α − 1 = sin (α − 1)
x = sinx   iff x = 0
⇒ α − 1 = 0
⇒ α = 1
⇒ S = {1}

T V

n

(x − 1)n

(T − I = 0 ⇒ (T − I = 0)n )2n

 Consider n = 3 and T  is an operator

such that A = T = ,
⎡

⎣
⎢
⎤

⎦
⎥

⎡

⎣
⎢

1     1     0

0     1     1
0     0     1

⎤

⎦
⎥

 then A − I =  and  A − I
⎡

⎣
⎢

0     1     0

0     0     1
0     0     0

⎤

⎦
⎥

⎛

⎝
⎜

⎞

⎠
⎟

≠ 0, A − I ≠ 0.
⎛

⎝
⎜

⎞

⎠
⎟

2

 Thus  T − I ≠ 0 and  T − I ≠ 0. 
⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

2

⎡

⎣

⎢⎢⎢⎢

2
0

0
1

0
1

0
1

3
0

1
1

2
−1

0
0

0
3

4
1

−2
4

4
1

5
1

1
4

5
1

3
3

0
0

−2
1

⎤

⎦

⎥⎥⎥⎥

↔R1 R4

~

⎡

⎣

⎢⎢⎢⎢

1
0

0
2

1
1

0
0

1
0

1
3

0
−1

0
2

1
3

4
0

1
4

4
−2

4
1

1
5

3
1

3
5

1
0

−2
0

⎤

⎦

⎥⎥⎥⎥

↔ − 2R4 R4 R1

~

⎡

⎣

⎢⎢⎢⎢

1
0

0
0

1
1

0
−2

1
0

1
1

0
−1

0
2

1
3

4
−2

1
4

4
−4

4
1

1
−3

3
1

3
−1

1
0

−2
−2

⎤

⎦

⎥⎥⎥⎥

↔ + 2R4 R4 R2

⎡

⎣

⎢⎢⎢⎢

1
0

0
0

1
1

0
0

1
0

1
1

0
−1

0
0

1
3

4
4

1
4

4
4

4
1

1
−1

3
1

3
1

1
0

−2
−2

⎤

⎦

⎥⎥⎥⎥

↔ + 2R4 R4 R1

Thus we have
Rank (M) = 3

Rank [M : ] = 4b1

Rank [M : ] = 4b2

Rank [M : − ] = 3b1 b2

 So, system is constant for  − ,b1 b2

but not for   and  . b1 b2
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Q35 Text Solution:

Q36 Text Solution:

Q37 Text Solution:

      |       |   

Consider a trivariate discrete random variable
 W   =  with pmf(X,Y ,Z)t

  =  with x,  y,fW

⎛

⎝
⎜
⎛

⎝
⎜

x

y

z

⎞

⎠
⎟
⎞

⎠
⎟ ( )1

3
x
( )1

6
y
( )1

2
z

 z  ∈ {0, 1} ,  x + y +  z = 1
If we take random  sample   ,    ,   ⋯  ,w1 w2

   from W .  Definew10

            =S10
1

10

( − )∑10
i=1 wi w ( − )wi w

T

P (X = 1) = P (X = 1 ,  Y = 0,  Z = 0)

= 1
3

P (X = 0) = 1 − =1
3

2
3

so,  X~Ber ( ) then 1 − X~Ber ( )1
3

2
3

similarly ,

Y ~Ber ( )1
6

Z~Ber ( )1
2

Var ( ) = E ( )− (E )Y 4 Y 8 ( )Y 4 2

               ⇒   − =1
6 ( )1

6
2 5

36

E(( )) = ( )× +( )100

Z

100

0
1
2

100

1

× =1
2

101
2

  =  S10

⎡

⎣
⎢⎢
SX

2

SXY

SXZ

SXY

SY
2

SYZ

SXZ

SYZ

SZ
2

⎤

⎦
⎥⎥

trace ( ) = + +S10 SX
2 SY

2 SZ
2

trace (E ( )) = E (trace ( ))S10 S10

E ( + + )SX
2 SY

2 SZ
2

= { + + }10
9 σX

2 σY
2 σZ

2

= (1 − ( + + )) =10
9 ( )1

3
2

( )1
6

2
( )1

3
2 110

63

Hence correct option are  (A) ,  (B ) ,  (C).

= = exp( log ) .Gn ( )∏
i=1

n

Ui

1/n
1
n
∑
i=1

n

Ui

Let  = log .  Then  = expVi Ui Gn

( ) .
1
n
∑
i=1

n

Vi

E[ ] = logudu = =V1 ∫
1

0
[u logu − u]10

−1.

E[ ] = −1
1
n
∑
i=1

n

Vi −→−
a.s.

V1

(Strong Law of Large Numbers).

= exp( ) = .Gn

1
n
∑
i=1

n

Vi −→−
a.s.

e−1 1
e

Hence   converges almost surely (and thus in probability and in distribGn

Therefore   does not converge to 0 in any mode.Gn

Thus statements A and B are false.

Since  ,  we have Gn −→−
a.s. 1

e
Gn

⇒  (a degenerate  ).
1
e

X2

Hence statement C is true.

Moreover 0 < ≤ 1 for all n,Gn

 so for any r > 0,  | − ≤ < ∞.Gn
1
e
|r Mr

By the Dominated Convergence Theorem, E

(| − ) → 0.Gn
1
e
|r

Hence   converges in r-th mean to   for any rGn X2

> 0.

Correct statements are C and D.

(i) True. Since the sufficient statistic |T
| is a function of T ,

 it follows that T  is also a sufficient statistic.

(ii) True. Any function of a complete statistic is again a complete statist

(iii) True. If   is sufficient, then T  is sufficient (since   is a function oT 2 T 2

Since T  is complete and sufficient, it follows that T  is minimal sufficient

(iv) True. Consider ψ(t) = − 2 + 2tt3 t2

+ 1.

(t) = 3 − 4t + 2 = 3(t − +ψ′ t2 2
3
)

2 2
9

> 0, t ∈ R.

Thus ψ is a one-to-one function, and hence preserves minimal sufficiency

Therefore  − 2 + 2TT 3 T 2

+ 1 is a minimal sufficient statistic whenever T  is.

Solution:

Each   has density f(x) = ,Xi

1
π(1 + )x2

−∞ < x < ∞,  so  ∼ Cauchy(0, 1).Xi

Result 1:  If X ∼ Cauchy(0, 1) then aX
∼ Cauchy(0, |a|).

Result 2:  If X ∼ Cauchy(0, ), Yγ1

∼ Cauchy(0, ) and independent, then Xγ2

+ Y ∼ Cauchy(0, + ).γ1 γ2

(A) 2 3–√ X2

∼ Cauchy(0, 2 ) by Result 1.3–√
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Q38 Text Solution:

      |       |   

+ 2X1 3–√ X2

∼ Cauchy(0, 1 + 2 ) by Result 2.3–√

∼ Cauchy(0, )+ 2X1 3–√ X2

3–√

1 + 2 3–√

3–√

= Cauchy(0, 2 + ) .
1

3–√

Hence (A) is true.

Result 3: 
1
n
∑
i=1

n

Xi

∼ Cauchy(0, 1) for each n.

(B) ∑  always has the Cauchy(0,
1
n

Xi

1) distribution, hence does not converge

in probability to 0. Therefore (B) is false.

m,Result 4:  If a continuous distribution has unique median 

then the sample median of { , … ,X1 X2n+1

} converges in probability to m.

Since F(x) = + arctanx, F(0) = ,
1
2

1
π

1
2

 thus the median is 0.

(C) Hence median of { , … ,X1 X2n+1

} converges in probability to 0.

Thus (C) is true.

Result 5:  For X ∼ Cauchy(0, 1),

E(|X ) = , −1 < α < 1.|α
1

sin( )π(α+1)
2

(D) E(| )X1|1/4

=  by Result 5 with α = .
1

sin(5π/8)
1
4

Hence (D) is true.

Therefore, (A), (C) and (D) are true and (B) is false.

(a) One--dimensional marginals

P( ≤ y) = P(sign( ) ≤ y) =Y1 X2 X1

∫ P( ≥ y)ϕ(u) du +
0

−∞
X1

∫ P( ≤ y)ϕ(u) du.
∞

0
X1

= (1 − Φ(y))ϕ(u) du + Φ(y)ϕ(u)∫
0

−∞
∫

∞

0

du.

= (1 − Φ(y)) ϕ(u) du + Φ(y)∫
0

−∞

∫ ϕ(u) du.
∞

0

= (1 − Φ(y)) ⋅ + Φ(y) ⋅ = Φ(y).1
2

1
2

Thus  (y) = Φ(y)  i.e.,  ∼ N(0, 1).FY1 Y1

Similarly  ∼ N(0, 1) and  ∼ N(0, 1).Y2 Y3

(y, z) = P ( ≤ y, ≤ z)F ,Y1 Y2 Y1 Y2

= P(sign( ) ≤ y, sign( ) ≤ z).X2 X1 X3 X2

= P(sign( ) ≤ y, sign( ) ≤ z,X2 X1 X3 X2

≤ 0)+ P(sign( ) ≤ y, signX3 X2 X1

( ) ≤ z, > 0).X3 X2 X3

= P(sign( ) ≤ y, ≥ −z, ≤ 0)X2 X1 X2 X3

+ P(sign( ) ≤ y, ≤ z, > 0).X2 X1 X2 X3

= P(sign( ) ≤ y, ≥ −z)+
1
2

X2 X1 X2
1
2

P(sign( ) ≤ y, ≤ z),X2 X1 X2

(since  ⊥ ( , )).X3 X1 X2

Let z ≥ 0.

P(sign( ) ≤ y, ≥ −z)X2 X1 X2

= P( ≤ y, ≥ −z, ≤ 0)X1 X2 X2

+ P(− ≤ y, 0 ≤ < ∞).X1 X2

= P( ≤ y)P(−z ≤ ≤ 0)X1 X2

+ P( ≥ −y)P(0 ≤ < ∞).X1 X2

= Φ(y)[Φ(0) − Φ(−z)]+ [1 − Φ(−y)][1

− Φ(0)].

= Φ(y) Φ(z).

Similarly P(sign( ) ≤ y, ≤ z)X2 X1 X2

= Φ(y) Φ(z).

If z < 0,
 one obtains the same final expression Φ

(y)Φ(z).

Combining both cases, we get  (y, z)F ,Y1 Y2

= Φ(y)Φ(z).

Hence ( , ) ∼ ((0, 0), ).Y1 Y2 N2 I2

(c) Joint distribution

The joint distribution of ( , ,Y1 Y2

) is not Gaussian.Y3

> 0  if  > 0, > 0  or  < 0,Y1 X1 X2 X1

< 0.X2

< 0  if  > 0, < 0  or  < 0,Y1 X1 X2 X1

> 0.X2

> 0  if  > 0, > 0  or  < 0,Y2 X2 X3 X2

< 0.X3

< 0  if  > 0, < 0  or  < 0,Y2 X2 X3 X2

> 0.X3
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Hence A, B, D are correct options.

Q39 Text Solution: Q40 Text Solution:

      |       |   

> 0  if  > 0, > 0  or  < 0,Y3 X3 X1 X3

< 0.X1

< 0  if  > 0, < 0  or  < 0,Y3 X3 X1 X3

> 0.X1

Thus P( > 0, > 0, > 0)Y1 Y2 Y3

= P( > 0, > 0, > 0)X1 X2 X3

+ P( < 0, < 0, < 0) = .X1 X2 X3
1
4

P( < 0, < 0, < 0) = 0Yi Yj Yk

for i ≠ j ≠ k.

Similarly, P( > 0, < 0, < 0) =Yi Yj Yk
1
4

for each i ≠ j ≠ k.

Hence the joint distribution of ( , ,Y1 Y2

) cannot be Gaussian.Y3

Solution.

∼ N(4, 9), ∼ N(7, 16),Zi Wi

independent for each i.

(A)  ( − 4) ∼ N(0, 9) ,
1

12−−√
∑
i=1

12

Zi

 since it is a normalized sum of 12 i.i.d.N
(0, 9).

Hence statement (A) is true.

(B) Let  = + .  Then E( ) = 11,Vi Zi Wi Vi

  Var( ) = 9 + 16 + 2 ⋅ ⋅ 3 ⋅ 4 = 33.Vi
1
3

∼ N(0, 1), ( − 11
− 11Vi

33−−√
∑
i=1

12

Vi )2

= 33 ,χ2
12

( − 11 = 3 ,
1

11
∑
i=1

12

Vi )2 χ2
12

which is a scaled chi-square, χ2
12

.  Hence (B) is True.

(C) Put  = ∼ N(0, 1).  Then Ui

− 4Zi

3
U1

⊥ ( , … , ).U2 U12

= =
( − 4)11−−√ Z1

( − 4∑12
i=2 Zi )2

− −−−−−−−−−−
√

⋅ 311−−√ U1

9∑12
i=2 U 2

i

− −−−−−−−
√

11−−√

.
U1

∑12
i=2 U

2
i

− −−−−−−
√

∼ ,
U1

1
11 ∑

12
i=2 U

2
i

− −−−−−−−−
√

t11

Hence (C) is true.

(D) Again put  = ∼ N(0, 1).Vi
− 7Wi

4

( − 7 = 16 = 16 ,∑
i=1

4

Wi )2 ∑
i=1

4

V 2
i χ2

4

( − 7 = 16 .∑
i=5

12

Wi )2 χ2
8

= = = 2
( − 7 /4∑4

i=1 Wi )2

( − 7 /8∑12
i=5 Wi )2

16 /4χ2
4

16 /8χ2
8

4χ2
4

2χ2
8

⋅ = 2 ,
χ2

4

χ2
8

F4,8

so it is not exactly F4,8

.  Hence (D) is false.

Therefore the correct statements are (A) , (B) and (C).

Solution.

The likelihood function based on one observation x
> 1 is L(θ) = 2θ .e−2θ(x−1)

The log--likelihood is ℓ(θ) = log 2 + log θ
− 2θ(x − 1).

Differentiating,  (θ) = − 2(x − 1).ℓ′ 1
θ

Setting  (θ) = 0 gives  = .ℓ′ θ̂
1

2(x − 1)

Thus statement (1) is true.

The maximum value of the likelihood is L

( ) = 2 = .θ̂ θ̂ e−2 (x−1)θ̂ 1
x − 1

e−1

≠ ,
1

x − 1
e−1 2e−1

x − 1
 so statement (2) is false.

The likelihood ratio statistic is Λ(x)

= =
L(2)

L( )θ̂

2 ⋅ 2 e−4(x−1)

1
x−1 e

−1

= 4(x − 1) .e−4x+5

Since multiplication by a positive constant does not change the rejection

Λ(x) ≤ c  ⟺  (x − 1) ≤ k,e−4x

 for some k > 0.

Hence a rejection rule of the form 2(x

− 1)e−2x

< k is consistent with the likelihood ratio test,

so statement (3) is true.

Consider g(x) = (x − 1)  for x > 1.e−4x
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Q41 Text Solution:

 (By Squeeze theorem)

Q42 Text Solution:
 

Q43 Text Solution:

 is continuous at   if and only if 

Given 

If 

and .

Hence, f is continuous at exactly one point.

Q44 Text Solution:

Hence the covariance matrix of  is

For a bivariate normal ,

Now take 

Then

      |       |   

(x) = (1 − (x − 1)4) = (5 − 4x)g′ e−4x e−4x

.

Thus g increases on (1,

) and decreases on ( , ∞),5
4

5
4

 so it is not monotone on (1, ∞).

Therefore the rejection region cannot be of the form x
> c only.

Hence statement (4) is false.

Correct statements are (1) and (3).

 Given  =an ( + n )2n 2n sin2 n
2

1

2n−n cos 1
n

⇒ log = logan
1

2n − n cos 1
n

( (1 + n ))2n sin2 n

2

⇒ log =an
log 2n

2n − n cos 1
n

+
log(1 + n )sin2 n

2

2n − n cos 1
n

 Consider  =  and bn
n log 2

2n−n cos 1
n

cn

=
log(1+n )sin2 n

2

2n−n cos 1
n

= = log 2lim
n→∞

bn lim
n→∞

log 2

2 − cos 1
n

& | | ≤ → 0cn
∣

∣
∣
log(1 + n)

n

∣

∣
∣

⇒    = 0lim
n→∞

cn

⇒ log = + = loglim
n→∞

an lim
n→∞

bn lim
n→∞

cn

2 + 0
⇒ = 2lim

n→∞
an

an

⇒ lim
n→∞

an

=
⋅ n!n5

5 ⋅ 6 ⋅ 7 ⋅ … ⋅ (5 + n)

=
1 ⋅ 2 ⋅ 3 ⋅ 4 ⋅ n!n5

(5 + n)!

=
1 ⋅ 2 ⋅ 3 ⋅ 4 ⋅ n!n5

(n + 5)(n + 4)(n + 3)(n + 2)(n + 1)n!

=
1 ⋅ 2 ⋅ 3 ⋅ 4 ⋅ n5

(n + 5)(n + 4)(n + 3)(n + 2)(n + 1)
= 4! = 24

f x = a

∀ < >, < > → aan bn

⇒ f ( ) = f ( ) = f(a)lim
n→∞

an lim
n→∞

bn

f(x) = {
sinx3 1

x

x2

x ∈ Q

x ∈ Qc

< > → a; ∈ Qan an
& < > → a; ∈bn bn Qc

f ( ) = sinlim
n→∞

an a3 1
a

f ( ) =lim
n→∞

bn a2

⇒ sin =a3 1
a

a2

⇒ [a sin − 1] = 0a2 1
a

⇒ a = 0

Solution.

U = + 2 , V = 3 − .X1 X2 X1 X2

E[U ] = + 2 , E[V ] = 3 − .μ1 μ2 μ1 μ2

Var(U) = Var( ) + 4 Var( ) + 4 CovX1 X2

( , ) = 1 + 4 + 4ρ = 5 + 4ρ.X1 X2

Var(V ) = 9 Var( ) + Var( ) − 6 CovX1 X2

( , ) = 9 + 1 − 6ρ = 10 − 6ρ.X1 X2

Cov(U ,V ) = Cov( + 2 , 3 − )X1 X2 X1 X2

= 3 Var( ) − Cov( , ) + 6 CovX1 X1 X2

( , ) − 2 Var( )X2 X1 X2

= 3 − ρ + 6ρ − 2 = 1 + 5ρ.

(U ,V )

( )
Var(U)

Cov(U ,V )

Cov(U ,V )

Var(V )

= ( ) .
5 + 4ρ

1 + 5ρ

1 + 5ρ

10 − 6ρ

(U ,V )

Var(U ∣ V ) = Var(U) − .
{Cov(U ,V )}2

Var(V )

⇒ Var(U ∣ V ) = (5 + 4ρ) − .
(1 + 5ρ)2

10 − 6ρ

ρ = .
1

5–√
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So

This simplifies to

Numerically, using ,

Q45 Text Solution:
 

      |       |   

5 + 4ρ = 5 + ,
4

5–√

(1 + 5ρ = = 6 + ,)2 (1 + )5

5–√

2 10

5–√

10 − 6ρ = 10 − .
6

5–√

Var(U ∣ V ) = (5 + )− .
4

5–√

6 + 10
5√

10 − 6
5√

Var(U ∣ V ) = = .
196/5

10 − 6
5√

196

5(10 − )6
5√

ρ = ≈ 0.44721
5√

5 + 4ρ ≈ 6.7889, 1 + 5ρ ≈ 3.2361,

(1 + 5ρ ≈ 10.4721, 10 − 6ρ ≈ 7.3167,)2

≈ ≈ 1.43,
(1 + 5ρ)2

10 − 6ρ
10.4721
7.3167

Var(U ∣ V ) ≈ 6.7889 − 1.43 ≈ 5.36.

Var( + 2 ∣ 3 − ) ≈ 5.36.X1 X2 X1 X2

Solution.

The cdf of X is

F (x) =

⎧

⎩

⎨

⎪⎪⎪⎪⎪⎪⎪⎪

⎪⎪⎪⎪⎪⎪⎪⎪

0,

,x+1
4

,x+1
3

,x+3
6

1,

x < −1,

−1 ≤ x < 0,

0 ≤ x < 1,

1 ≤ x < 2,

x ≥ 2.

First we find the pdf and point masses from F(x)
.

For  − 1 < x < 0 : f(x) = (x) = .F ′ 1
4

For 0 < x < 1 : f(x) = (x) = .F ′ 1
3

For 1 < x < 2 : f(x) = (x) = .F ′ 1
6

Next we find jumps of F
(x) (point masses).

P(X = 0) = F(0) − F(x) = −lim
x→0−

1
3

1
4

= .
1

12

P(X = 2) = F(2) − F(x) = 1 −lim
x→2−

5
6

= .
1
6

There are no jumps at x = −1 or x
= 1, so no mass there.

Thus X has density f(x) =  on (−1, 0),
1
4

 on (0, 1),  on (1, 2),
1
3

1
6

and point masses P(X = 0) = ,
1

12

P(X = 2) = .
1
6

We now compute E( ).e2X

E( ) = ⋅ dx + ⋅ dxe2X ∫
0

−1
e2x 1

4
∫

1

0
e2x 1

3

+ ⋅ dx + + .∫
2

1
e2x 1

6
1

12
e2⋅0 1

6
e2⋅2

= dx + dx +
1
4
∫

0

−1
e2x 1

3
∫

1

0
e2x 1

6
∫

2

1
e2x

dx + + .
1

12
1
6
e4

∫ dx = .e2x 1
2
e2x

dx = ⋅ ( − )
1
4
∫

0

−1
e2x 1

4
1
2

e0 e−2

= (1 − ).
1
8

e−2

dx = ⋅ ( − 1) = ( − 1)
1
3
∫

1

0
e2x 1

3
1
2

e2 1
6

e2

.

dx = ⋅ ( − )
1
6
∫

2

1
e2x 1

6
1
2

e4 e2

= ( − ).
1

12
e4 e2

So

E( ) = (1 − ) + ( − 1)e2X 1
8

e−2 1
6

e2

+ ( − ) + + .
1

12
e4 e2 1

12
1
6
e4

We simplify by collecting like terms.

Coefficient of  : + = +e4 1
12

1
6

1
12

2
12

= .
1
4

Coefficient of  : − = −e2 1
6

1
12

2
12

1
12

= .
1

12
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Q46 Text Solution:

Q47 Text Solution:

Q48 Text Solution:

      |       |   

Coefficient of  : − .e−2 1
8

Constant terms:  − + .
1
8

1
6

1
12

− + = − + = .
1
8

1
6

1
12

3
24

4
24

2
24

1
24

Hence

E( ) = + − + .e2X 1
4
e4 1

12
e2 1

8
e−2 1

24

Using  ≈ 7.39,   ≈ 54.60,   ≈ 0.14,e2 e4 e−2

E( ) ≈ ⋅ 54.60 + ⋅ 7.39 − ⋅ 0.14e2X 1
4

1
12

1
8

+ .
1

24

≈ 13.65 + 0.62 − 0.02 + 0.04 ≈ 14.29.

E( )e2X

≈ 14.29 (correct to two decimal places).

All   and   are i.i.d. with density f(x)Xi Yj

= exp(− ) ,  x ≥ 0.
2

σ2π−−√

x2

2σ2

Total sample size n = 15 + 30 = 45.

Let  , … ,z1

 denote all the   and   together.z45 Xi Yj

L(σ) = exp(− ) .∏
k=1

45 2

σ2π−−√

z2
k

2σ2

ℓ(σ) = logL(σ) = 45 log 2 − log(2π)
45
2

− 45 logσ − .
1

2σ2
∑
k=1

45

z2
k

= − + .
dℓ
dσ

45
σ

1
σ3
∑
k=1

45

z2
k

Set  = 0 ⇒ − + = 0.
dℓ
dσ

45
σ

1
σ3
∑
k=1

45

z2
k

⇒ = ⇒ = 45 .
1
σ3
∑
k=1

45

z2
k

45
σ

∑
k=1

45

z2
k σ2

⇒ = .σ̂
2 1

45
∑
k=1

45

z2
k

= + = 150 + 255∑
k=1

45

z2
k ∑

i=1

15

X2
i ∑

j=1

30

Y 2
j

= 405.

= = 9 ⇒ = = 3.σ̂
2 405

45
σ̂ 9–√

Solution:

The joint density of (X,Y ) is

f(x, y) = exp
1

2π

{− [(x − ρ cos θ + (y − ρ sin θ ]} ,
1
2

)2 )2

0 ≤ θ ≤ 2π.

This is the density of a bivariate normal with independent components

X ∼ N(ρ cos θ, 1), Y ∼ N(ρ sin θ, 1),
X ⊥ Y .

Hence the theoretical means are

E(X) = ρ cos θ, E(Y ) = ρ sin θ.

Let the sample means be

= , = .X̄
1
n
∑
i=1

n

Xi Ȳ
1
n
∑
i=1

n

Yi

By the method of moments we equate sample means to theoretical mean

= ρ cos θ, = ρ sin θ.X̄ Ȳ

⇒ = = tan θ.
Ȳ

X̄

ρ sin θ

ρ cos θ

Therefore the method of moments estimator of θ is

= arctan( ) .θ̂MOM
Ȳ

X̄

= , = .X̄
100 3–√

n
Ȳ

300
n

= = = = .
Ȳ

X̄

300/n

100 /n3–√
300

100 3–√
3

3–√
3–√

= arctan( ) = .θ̂MOM 3–√
π

3

, α =
27α
π

π

3

= = ⋅ = 9.
27α
π

27 ( )π3
π

27
3

π

π

UMVUE of P( < t) is  ( ) = ΦX1 ĝ X̄

( ) .
t − X̄

(n − 1)/n− −−−−−−−√

Given n = 5, = 1.08, t = 2,X̄

 the UMVUE of P( > 2) is X1

( > 2) = Φ( ) .P̂ X1
− 2X̄

(n − 1)/n− −−−−−−−√
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Q49 Text Solution:

Q50 Text Solution:

,

Q51 Text Solution:

Hence required trace is 3.
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= Φ( ) .
1.08 − 2

4/5− −−√

= Φ( ) = Φ( ) .
−0.92

2/ 5–√
−0.92
0.8944

= Φ(−1.0287) ≈ 0.152.

Let  ∼ N(θ, 2), i = 1, 2.Xi

Define the standardized variable Zi

= ∼ N(0, 1).
− θXi

2–√

We want: P( ≤ θ ≤ ) .X(1) X(2)

This is the probability that at least one   is below θ and at least one is above:Xi

P( ≤ θ ≤ ) = 1 − P( < θ,X(1) X(2) X1 X2

< θ) − P( > θ, > θ).X1 X2

P( < θ) = P( < 0) = .Xi Zi

1
2

P(both < θ) = = ,( )1
2

2 1
4

P(both > θ) = = .( )1
2

2 1
4

Hence the confidence coefficient is 1 −
1
4

− = .
1
4

1
2

We have the pdf 

(x) = , 0 < x < 3.fX
⌊x⌋+ 1

6

Thus

f(x) = (0 < x < 1),
1
6

f(x) = (1 ≤ x < 2),
1
3

f(x) = (2 ≤ x < 3).
1
2

We compute 

p = F(2) = P(X ≤ 2).

On (0, 1) the probability is  ,1
6

  on [1, 2) it is  .1
3

F(2) = + = .
1
6

1
3

1
2

Hence p = .1
2

(2) = I( ≤ 2).F8
1
8
∑
i=1

8

Xi

Each I( ≤ 2) is Bernoulli ( )Xi
1
2

 so 

I( ≤ 2) ∼ Bin(8, ).∑
i=1

8

Xi

1
2

Therefore

Var(∑ I( ≤ 2)) = 8 ⋅ ⋅ = 2.Xi

1
2

1
2

Var ( (2)) = ⋅ 2 = ⋅ 2 = .F8 ( )1
8

2 1
64

1
32

α = .
1

32

32α = 1.

 Given that, A =
⎡

⎣
⎢

1     0     0

1     0     1
0     1     0

⎤

⎦
⎥

∴ = A ⋅ AA2

=
⎡

⎣
⎢

1     0     0

1     0     1
0     1     0

⎤

⎦
⎥
⎡

⎣
⎢

1     0     0

1     0     1
0     1     0

⎤

⎦
⎥

=
⎡

⎣
⎢

1     0     0

1     1     0
1     0     1

⎤

⎦
⎥

∴ = ⋅A4 A2 A2

=
⎡

⎣
⎢

1     0     0

1     1     0
1     0     1

⎤

⎦
⎥
⎡

⎣
⎢

1     0     0

1     1     0
1     0     1

⎤

⎦
⎥

=
⎡

⎣
⎢

1     0     0

2     1     0
2     0     1

⎤

⎦
⎥

∴ = ⋅A8 A4 A4

=
⎡

⎣
⎢

1     0     0

4     1     0
4     0     1

⎤

⎦
⎥

∴ = ⋅A16 A8 A8

=
⎡

⎣
⎢

1     0     0

8     1     0
8     0     1

⎤

⎦
⎥

⇒ =A32
⎡

⎣
⎢

1

16
16

0

1
0

0

0
1

⎤

⎦
⎥

∴ = ⋅A48 A32 A16

=
⎡

⎣
⎢

1

24
24

0

1
0

0

0
1

⎤

⎦
⎥

∴ = ⋅A50 A48 A2

=
⎡

⎣
⎢

1

25
25

0

1
0

0

0
1

⎤

⎦
⎥
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Q52 Text Solution:

Given 

Q53 Text Solution:
To find ; where   is the 

quadrant of the circle .

In the  first quadrant the limits are given by

Q54 Text Solution:
\textbf{Solution.}

Q55 Text Solution:

      |       |   

 (sin kx + cos kx + x =lim
x→0+

)
4
x

e12

⇒ =e
 (sin kx+cos kx+x−1)×lim

x→0+

4
x

e12

⇒ =e
 4[ + +1]lim

x→0+

sin kx

x

cos kx−1
x

e12

⇒ =e
 4[k cos kx−k sin kx+1]lim

x→0+ e12

⇒ =e4⋅(k+1) e12

⇒ k + 1 = 3 ⇒ k = 2

dxdy∬
D

xy

1−y2√
D 1st

+ = 1x2 y2

0 ≤ y ≤ 1,  0 ≤ x ≤ 1 − y2− −−−−√

dxdy∬
D

xy

1 − y2− −−−−√

= dxdy∫
1

y=0
∫

1−y2√

x=0

xy

1 − y2− −−−−√

= dy∫
1

y=0

y

1 − y2− −−−−√
[ ]x2

2

1−y2√

0

= [ ]∫
1

y=0

y

1 − y2− −−−−√

(1 − )y2

2

= y dy
1
2
∫

1

y=0
1 − y2
− −−−−

√

 Let 1 − = ty2

⇒ −2ydy = dt

⇒ dt
1
4
∫

1

0
t1/2

⇒
1
4
t3/2

3/2

∣

∣
∣
1

0

⇒ = =
2 × 1
4 × 3

2
12

1
6

We test  : X ∼   against   : XH0 f0 HA

∼ .f1

The likelihood ratios are  = 0.5,
(1)f1

(1)f0

= 0.6, = 0.8, = 0.9,
(2)f1

(2)f0

(3)f1

(3)f0

(4)f1

(4)f0

= = 1.2.
(5)f1

(5)f0

0.72
0.6

Ordering from largest to smallest: x = 5,
4, 3, 2, 1.

By the Neyman--Pearson lemma, the MP test rejects for large values of 

Let the critical region be of the form ``reject   when X = 5'' with probH0

The size condition under   is  (reject)H0 P0

= γ (X = 5) = γ ⋅ 0.6 = α = 0.2.P0

⇒ γ = = .
0.2
0.6

1
3

Thus the MP size 0.2 test is: reject   if XH0

= 5 with probability  ,
1
3

 otherwise do not reject.

The power under   is  (reject) = γHA P1

(X = 5) = × 0.72 = 0.24.P1
1
3

0.24

We can use the Neyman–Pearson Lemma for specifying the rejection reg

Let R represent the rejection region.

X ∈ R  if  > k
f(x| )θ1

f(x| )θ0

=
f(x| )θ1

f(x|θ = 2)

42n∏15
i=1 x3

i e
− /xi θ1

4θn1 ∏
15
i=1 x3

i e
− /2xi

= exp{ }( )2
θ1

n − 2θ1

2θ1
∑
i=1

15

x4
i

Since  > 2, expθ1 ( )2
θ1

n

{ } > k ⇔ > c
− 2θ1

2θ1
∑
i=1

15

x4
i ∑

i=1

15

x4
i

R = {X : > c}∑
i=1

15

X4
i

We should determine c in such a way that the size of the test equals 

α = 0.05

(X ∈ R) = α ⇒ ( > c)Pθ0 Pθ0 ∑
i=1

15

X4
i

= 0.05

∼ Γ(15, 1)  or  2
1
θ0
∑
i=1

15

X4
i

1
θ0
∑
i=1

15

X4
i

∼ χ2
(30)

Since  = 2, ∼θ0 ∑
i=1

15

X4
i χ2

(30)

c = = 43.77χ2
30, 0.05
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Q56 Text Solution:

Q57 Text Solution:

Q58 Text Solution:
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R = {X : > 43.77}∑
i=1

15

X4
i

Now the p-value is  sup
θ∈Θ0

Pθ

( > 46.98) =∑
i=1

15

X4
i Pθ=2

( > 46.98) = 0.0249∑
i=1

15

X4
i

We have given X~ Dis Unif
  (0, 1, 2, … , 2026)
U~U [0, 1]
Let Y = X + U

P (Y = y)  = P (X + U = y)
                 = P (X = [k] ,  U   = y − [k])
Since X and U  are independent .
                 =  P (X = [k])P (U = y − [k])

                 ⇒ × 1 =   ,  0 ≤ y1
2027

1
2027

≤ 2027
So,Y ~Unif [0, 2027]

then Y − [Y ]~U (0, 1)
Z =   − log (Y − [Y ])~exp (1)

Now P (Z > 2)= 1- P (Z ≤ 2)

                      = e−2

P (Z > 2) =512.∴512 e2 = 512 e2e−2

Let a fair coin be tossed once.  Then a fair die is rolled S times, where

S = [
120,

121,

if Head appears,

if Tail appears.

Let X denote the total number of threes obtained.  We want 
P(Head ∣ X = 30).

P(Head ∣ X = 30)

= .
P(X = 30 ∣ Head)P(Head)

P(X = 30 ∣ Head)P(Head)
+ P(X = 30 ∣ Tail)P(Tail)

P(Head) = P(Tail) = .
1
2

P(Head ∣ X = 30)

=
P(X = 30 ∣ Head)

P(X = 30 ∣ Head) + P(X = 30 ∣ Tail)
.

If Head occurs, S = 120 and X

~Bin(120, ).1
6

P(X = 30 ∣ Head)

= ( ) .
120
30

( )1
6

30

( )5
6

90

If Tail occurs, S = 121 and X

~Bin(121, ).1
6

P(X = 30 ∣ Tail) = ( ) .
121
30

( )1
6

30

( )5
6

91

P(Head ∣ X = 30) = .
( )120

30

( )+ ( ) ( )120
30

121
30

5
6

( ) = ( ) = ( ).
121
30

121
121 − 30

120
30

121
91

120
30

P(Head ∣ X = 30) = = .
1

1 + ⋅121
91

5
6

546
1151

546
1151

We have given 
A

= {(x, y) ∈ :   |x| − < y < |x| + }R2 1
3

1
3

f (x, y) = { ,1
2 e

− |x−1|2
3

0,

(x, y) ∈ A,

otherwise,
Now ,  
f (x, y)

=

⎧

⎩
⎨
⎪⎪⎪

⎪⎪⎪

× ,3
2 

Y X~U(|x|− ; |x|+ )∣
∣

1
3

1
3

×1
2

2
3 e

− |x−1|2
3

  
X ~ L(1,  )3

2

0,

(x, y) ∈ A,

otherwise,
Therefore E (Y |X) = |X|
Now,
Cov (X,Y ) =  Cov (X ,  E (Y |X) )

                  =  Cov  (X,   |X|)
Cov  (X,   |X|) =  E (X |X|)

− E (X)E (|X|)
 
Let X~Laplace(μ = 1,  b = ).3

2

(x) = =   ,     x ∈ RfX
1
2b
e−|x−μ|/b 1

3
e− x−12

3
∣∣ ∣∣

.
E (X |X|) = x x   (x)  dx.∫ ∞

−∞
∣∣ ∣∣ fX

We split the integral at x = 0 and x = 1 :

E (X |X|) = x x f(x)  dx +∫ 0
−∞

∣∣ ∣∣

∫ x x f(x)  dx + x x f(x)  dx.1
0

∣∣ ∣∣ ∫ ∞
1

∣∣ ∣∣
For x < 0 :   x = −x,   x − 1 = 1 − x,  ∣∣ ∣∣ ∣∣ ∣∣

⇒ x x = − .∣∣ ∣∣ x2

= x x f(x)  dx =I1 ∫ 0
−∞

∣
∣
∣

∣
∣
∣

∫ (− ) dx = −0
−∞ x2 1

3 e
− (1−x)2

3 1
3 e

− 2
3

∫   dx.0
−∞ x2e x2

3

  dx = .∫ 0
−∞ x2e x2

3
27
4

= − ⋅ = − .I1
1
3 e

− 2
3

27
4

9
4 e

− 2
3

For 0 < x < 1 :   x = x,   x − 1 = 1 − x,  ∣∣ ∣∣ ∣∣ ∣∣

⇒ x x = .∣∣ ∣∣ x2
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Q59 Text Solution:

      |       |   

= x x f(x)  dx =I2 ∫ 1
0

∣
∣
∣

∣
∣
∣

∫ dx =   dx.1
0 x2 1

3 e
− (1−x)2

3 1
3 e

− 2
3 ∫ 1

0 x2e x2
3

  dx = − .∫ 1
0 x2e x2

3
15
4 e

2
3

27
4

= − .I2
5
4

9
4 e

− 2
3

For x > 1 :   x = x,   x − 1 = x − 1,  ∣∣ ∣∣ ∣∣ ∣∣

⇒ x x = .∣∣ ∣∣ x2

= x x f(x)  dx =I3 ∫ ∞
1

∣
∣
∣

∣
∣
∣

∫ dx =∞
1 x2 1

3 e
− (x−1)2

3 1
3 e

2
3 ∫ ∞

1 x2e− x2
3

  dx.
  dx = .∫ ∞

1 x2e− x2
3

51
4 e

− 2
3

= ⋅ = .I3
1
3 e

2
3

51
4 e

− 2
3

17
4

E (X |X|) = + +I1 I2 I3

E (X |X|) = − .11
2

9
2 e

− 2
3

.E (X |X|) = −11
2

9
2 e

−2/3

Let X~Laplace(μ = 1,  b = ).3
2

(x) = =   ,     x ∈ RfX
1
2b
e−|x−μ|/b 1

3 e− x−12
3

∣∣ ∣∣

.
E(|X)| = x   (x)  dx.∫ ∞

−∞
∣∣ ∣∣ fX

Split the integral at x = 0 and x = 1.

E(|X|) = |x| (x) dx + |x| (x)∫
0

−∞
fX ∫

1

0
fX

dx + |x| (x) dx.∫
∞

1
fX

For x < 0 :  |x| = −x,  |x − 1| = 1 − x.

= (−x) dx = −I1 ∫
0

−∞

1
3
e− (1−x)2

3
1
3
e− 2

3

∫ x dx.
0

−∞
e x2

3

= .I1
3
2
e− 2

3

For 0 < x < 1 :  |x| = x,  |x − 1| = 1 − x.

= x dx = xI2 ∫
1

0

1
3
e− (1−x)2

3
1
3
e− 2

3 ∫
1

0
e x2

3

dx.

= (1 − ) .I2
1
2

e− 2
3

For x > 1 :  |x| = x,  |x − 1| = x − 1.

= x dx =I3 ∫
∞

1

1
3
e− (x−1)2

3
1
3
e

2
3

∫ x dx.
∞

1
e− x2

3

= 1 + .I3
1
2
e− 2

3

E(|X|) = + + = +I1 I2 I3
3
2
e− 2

3
1
2

(1 − )+(1 + ) .e− 2
3

1
2
e− 2

3

E(|X|) = 1 + .
3
2
e− 2

3

.E( X ) = 1 +  ∣∣ ∣∣ 3
2 e−2/3

Cov (X,Y ) =   − − (1 + )11
2

9
2
e− 2

3
3
2
e− 2

3

× 1

                  =   −9
2

12
2
e− 2

3

α =  ,  β = −  ,  γ = −9
2

12
2

2
3

2 (α − β) − 3γ = 23

Given X ∼ U(0, 2), Y ∼ Bernoulli(θ),
 independent, and W = X + Y .

Step 1. Distribution of W .

If Y = 0,  then W = X ∈ (0, 2).

If Y = 1,  then W = X + 1 ∈ (1, 3).

Because X is uniform on (0, 2),

 its density is   on that interval, and zero outside.
1
2

Therefore

(w) =fW

⎧

⎩

⎨

⎪⎪⎪⎪⎪⎪⎪

⎪⎪⎪⎪⎪⎪⎪

(1 − θ) ⋅ ,
1
2

θ ⋅ ,
1
2

0,

0 < w < 2,

1 < w < 3,

otherwise.

If 0 < w < 2 then Y = 0 and hence  (w)fW

= (1 − θ) ⋅ .1
2

If 2 < w < 3 then Y = 1 and hence  (w)fW

= θ ⋅ .1
2

For the observations 0.3, 2.4, 0.8, 1.9,
2.1, 0.6

the values in (0, 2) are 0.3, 0.8, 1.9, 0.6
⇒ Y = 0 four times.

The values in (2, 3) are 2.4, 2.1 ⇒ Y

= 1 two times.

Hence the likelihood is L(θ) ∝ (1 − θ .)4θ2

ℓ(θ) = lnL(θ) = 4 ln(1 − θ) + 2 ln θ.

= − = 0.
dℓ
dθ

2
θ

4
1 − θ

2(1 − θ) = 4θ.

2 = 6θ.
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Q60 Text Solution:

Now ,

      |       |   

= .θ̂
1
3

We are asked for the MLE of  .θ2

= ( .θ2̂ θ̂)2

= = .θ2̂ ( )1
3

2 1
9

=θ2̂ 1
9

90 =  90 × ⇒ 10θ2̂ 1
9

Let g(t) = exp( ) .
3

3 + t

Then g( ) = exp( ) .Y
¯ ¯¯̄ 3

3 + Y
¯ ¯¯̄

We have  (t) = − exp( ) .g′ 3
(3 + t)2

3
3 + t

Hence  (μ) = − exp( ) .g′ 3
(3 + μ)2

3
3 + μ

Assume  ( − μ) N(0, ).n−−√ Y
¯ ¯¯̄ −→

D

σ2

By the delta method,  (g( ) − g(μ))n−−√ Y
¯ ¯¯̄

N(0, [ (μ) ) .−→
D

g′ ]2σ2

[ (μ) = exp( ) .g′ ]2
9

(3 + μ)4

6
3 + μ

(g( ) − g(μ)) Nn−−√ Y
¯ ¯¯̄ −→

D

(0, exp( ))9σ2

(3 + μ)4

6
3 + μ

Let Y ∼ NB(r = 3, p = ),  i.e. P(Y = y)1
3

= ( )( ( ,  y = 0, 1, 2, …
y + 2

2
1
3)

3
2
3)

y

For this parametrization (number of failures until r successes),

μ = E(Y ) = = 3 ⋅ = 6,
r(1 − p)

p

2/3

1/3

= Var(Y ) = = 3σ2 r(1 − p)

p2

⋅ = 18.
2/3

(1/3)2

Let   be the sample mean of an i.i.d. sample from this NB distribution.Y
¯ ¯¯̄

By the CLT,  ( − 6) N(0, 18).n−−√ Y
¯ ¯¯̄ −→

D

Now take g(t) = exp( ) ,
3

3 + t

g( ) = exp( ) .Y
¯ ¯¯̄ 3

3 + Y
¯ ¯¯̄

(t) = − exp( ) ,g′ 3
(3 + t)2

3
3 + t

(6) = − exp( ) = − .g′ 3

92

3
9

3
81

e1/3

[ (6) = = = .g′ ]2
9

94
e2/3 9

6561
e2/3 1

729
e2/3

By the delta method,  (g( ) − g(6))n−−√ Y
¯ ¯¯̄

N(0, [ (6) ) .−→
D

g′ ]2σ2

[ (6) = ⋅ 18 =g′ ]2σ2 1
729

e2/3 18
729

e2/3

= .
2

81
e2/3

(g( ) − g(6)) N(0, )n−−√ Y
¯ ¯¯̄ −→

D 2
81

e2/3
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