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IIT JAM

IIT JAM Real Test

Mathematical Statistics

Let J denote the matrix of order n. X n with all
entries 1 and let B be a (3n) X (3n) matrix
given by

00 J
B=10 J O
J 0 0
Then the rank of B is
A)2n—1 (B) 2n
©3 D)1
Consider the following system of equations:

T1+ Ty — T3 = 9

2:171 + 3$3 =a

31171 + xo + 25123 =18

what should a be so that this system is
consistent?

(A)10 (B)1

@2 (D)9

Let Abe a3 x 4 matrix and B be a4 x 3 matrix
with real entries such that A B is non-singular.
Consider the following statements:

P: Nullity of A is 0.

Q: BAis a non-singular matrix.

Then

(A) Both P and Q are TRUE

(B) P is TRUE and Q is FALSE

(C) Pis FALSE and Q is TRUE

(D) Both P and Q are FALSE

Q6 Let Xla Xg, ... bei.i.d. N(0,1)
random variables. Define

O\ Xgi1
7 121: Xai
Then the limiting distribution of Z,,, as n
— 00, is
A) N (0,1) B N (0,2)
©C(0,1) (0.3)

Q7 Counsider the probability space (2, Z,
Py), where 2= (0,1), % = %(0,1),
and Py ((0,z]) =z, z € (0,1).
Let X be function define as X (w)

zlogﬁ, wE (O,l).

Then the value of Var e_IX) is

w

N (B) 18
© = 245 (D) 21765

Q8 Suppose X~Uniform(2,12). Define

ZA{X—4, if X < 8,
X+2, ifX>8.
Then E(Z) is

(A) 3.6 (B)5.4
7.8 (D)9.4

Q9 Suppose that the pdf of the random variable X is

3z
<z<®é,
Suppose that X is a continuous random variable Wltth:(ﬂ?rllfl-a{lvé3 d1str15ut10n function F, density f, and moment generating !

M(t
M(Ei) e, Vte(=hh), h>0

then which of the following statements is FALSE?

A PX-3=3-X)=0
B) fl(x—3)=f(3—=z) forallz € R
(C) 3is the median of X.
(D) X —3and 3
— X are identically dlstrlbuted

0, otherwise.

where 0

> 0 is an unknown parameter. Based on a single observation X, the conf
A+ ®) 1

©3 ) %

Q10 Consider a distribution with probability mass function
z =0,

flg=4 T b

0+1

for 0

If X; and X, are two independent and identically distributed ranglom T variables ﬁhving the

probability density function f ( )

_ 1

=y TER

then the probability density function of U
=X 1 X2 is

Q fU(u) = m, ueR
© ()= 2o e
© fu (u) = ﬂl(?,gz‘j)’ u€eR
© #o(v) = sty veR

0, otherwise,

<<l
In a random sample of size n

= 120 from this distribution, the observed counts of 0,
1,2 are 40,40 and 40 respectively.
Then the maximum likelihood estimate of 8 based on the observed samg

@ (8) 7%
©3 ) §

Q11 Let f: R — R be defined by,
f(m) =23 4+ 2 + a, where a € R. Then:

nnnnnn
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Q12

Q13

Q14

Q15

Q16

Q17

(A) f (z) has no real root for any a

(B) f(z) has one real root if @ > 0 and three real
roots ifa < 0

(©) f (z) has exactly one real root for all a

(D) f (z) has three real roots for all values of a

Let f(m) = gltsie thep lim pltsin@)
T—00

(A) Does not exist

(B) Exist and equal to zero

(C) Exist infinitely

(D) Exist but non-zero and finite

1 0 2
letA=|1 —2 0 | and/bethe3 x 3
0 0 -3

identity matrix. If 6A™! = a A2 + bA + cI for
a, b, ¢ € Rthen(a, b, c) equals

A (1,2,1) () (1,-1,2)
@@ (D) (1.4,0)

Consider a sequence {x,, } defined as
la]+[2a]+. . .+[na]

> , where [.] is the greater

€T =
n n

integer function, then
(A) lim

n—oo
Z, may or may not exist depending on «

®) lim z, =«
n—00

©) lim =z, =
n—o0

S e

D) lim =z, =
n—o0

Let <a,, > be a sequence of real numbers
defined as a,41 = 117, a; € (0, oo) then
(A) <a,, > is monotonic but not bounded
(B) <a,,> is bounded but not monotonic

(C) <a,, > is increasing and bounded
(D) <a,,> is decreasing and bounded

Define
sin (n'wz)
= lim |lim ————— ;2 € Rthen
n—oo | t—0 sin (n'wz)+t2

(A) f(z) is continuous only on z € Q

(B) f(=) is continuous only on z € Q¢

(©) f(=) is continuous for all z € R

(D) f() is nowhere continuous on R

Let Xl,XQ,

1T JAM
Then the value of T}grolo %\/ﬁ log

(1 - ”—) is

A0 (B)

©) — %log e (D) —y/eloge

Q18 Let Xq,...,X, be arandom sample from

9
b 2>
fe(w)={m2’ @26, 6> 0.

0, otherwise,
Let z(yy = min(a:l, ... ,af:n).
Critical region of MP size a test for testing Hy
: 0 =1 against Hy : 6 = 2 is given by

(@1, 5n) = 21
® {(z1,...,2n) : ey > (L—a ")}
@ {(z1,...,2n) : z@q) > 0471/”}
(D) {(371, ,:nn) Py > al/"}
Q19 Let (X,
Y
) be a continuous random vector with joint pdf
f(z,y)
_{k|w|, 0§x§%,x2§y§5w2,
2 0, otherwise.

where k£ > 0 is a constant.
Then the value of P(2X + 3Y > 1) is
NE— (B) 2%

Tl =
© 375 ©) 37 375

Q20 Suppose X; and X are independent Bernoulli

(%) random variables. If

M = min(X7, X5),

then the value of Corr(Xs, M) is
1 2

® 1 ® 2

© % (01

Q21 Trains depart from a railway station in accordance with a Poisson
process with rate 80 trains per hour. 10
% of these trains are freight trains
and 90% are passenger trains.
Given that 16 freight trains have departed during one hour, what is the
expected total number of trains that have departed in that hour?

(A) 64 (B) 80
(€) 96 (D) 100
Q22 Let XY,

- be a sequence of i.i.d. random variables having 4, independent and identically distributed N (0,

the probability density function

flz)=12ell, —co<z<
0,

Consider S, = [| X1]] + [|X2]] +

+ [ Xn]]-

Where |¢]

>
{ t 120, and [t] denotes the greatest integer less{G}IarIly%guaIS tot. (D)——x

—t, t<0

Suppose that there exist sequences a,, and b,

> 0 such that 22— 7“" —>N(0 1)asn — 0o

1) random variables.

Define U=X+Y, V=4X-2Z, W

=3Y+Z.

Then the partial correlation coefficient of V and W,
given U is.

(NS (®)0

V33
Q23
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Q24

Q25

Q26

LetXl ) X27 Ty Xn
be random sample of size n (> 2)
from a distribution having

probability density function
f(z, 0)

@)
— % € 3 y
0, otherwise

where 6§ € R. Let Xy

x>0

:min(Xl, XQ, Tty Xn) Then

E (X1 + X=Xl _ glX—Xy ‘X(l)) equals
A ”XL B) X — 2

© (K +8)-3 (D) 2o Xw 43

n
The random variable X takes the values
{-1, 0, 1}according to the distribution

{Fp 0<p< %} such that X

—1  with probability p,
=<0 with probability 2p,

1 with probability 1 — 3p.
Let X; and X,
be random sample from this distribution.

Define T = | X1 + X»|
Then , among statistics X and T'

(A) Both X and T are complete.
(B) X is complete but T is NOT complete

(C) Both X and T are NOT complete.
(D) X is NOT complete but T is complete

Suppose X be N (0,9) and
Y is independent of
X with propbability mass function

1, k=-1
P(X=k={"

5, k:1
Define Z = XY + % , then
P (7% —-227% - Z +2<0) is equal to
W &(—3) - 2(3)
®)28(—%) +2(5) -
©1+9(3) - (%)
D)1+ ®(3) —22(3)

Let X1, X, X3, X4, X5

be a random sample of size 5 from an

N (8,5) distribution

Where 6 € R is an unknown parameter
JLet X = 130X, g(0)

= e%and L () be the

Cramer-Rao lower bound for variance of unbiased estlm(;?h(}r0 ﬁ né BT en ﬁl{y)h ofithe <oymg S

W~ te 2(X 1)

is complete sufficient for 6.

®) L (6) = 4e*

Q27

Q28

Q29

Q30

nnnnnn

1T JAM
©) 62(7—1)
is the uniformly minimum variance unbiased estimator of g ().

(D) The variance of the undiased estimator of
g (0) attains the

Cramer -Rao Lower bound.
Let Zl, Z2,

. be i.i.d. random variables with discrete uniform distributionover {1,
Let X, be the remainder when Y,, is divided by 2026

;I‘hen, which of the following statements is true?

® lim P(X _ 2025) -

n—oo

® 1im P(X, =2025) =

n—00

© lim P(X, =2025) = b
©® lim P(Xn - 2025) -0
e

Consider the simple linear model Y; = S3i®
+¢e, i=1,...,100,

where 57;~N(0, 02)

are i.i.d. random variables.

Define ,61 I EQ i) ¥

21004’ 100 ;2 "
i=1 7

Which of the following statement is FALSE ?

B 1 is unbiased estimator for S.

) ,82 is unbiased estimator for .
© ,81 has larger variance than ﬁ 2

(D) ﬂ 5 has larger variance than B 1-

Let X = (X1, X2, X3, Xy)'

be random vector having the probability mass function

L1

T2
fx

T3

Ty

¢ .
1! zolzzley! lfml’ T2, T3, T4

=4 €{0,1,---,50}, z1 + 22+ z3 + x4 =50

0, otherwise,
where c is a real constant.
Suppose X x4
be the variance covariance matrix of random vector
X. Then
which of the following statement is FALSE.
(Arank (X) = 3
(B) trace (%) = 2
(C) The largest eigenvalue of ¥ is %5
(D) 1 is always an eigenvalue of 23?2 3%

+1.

Let XY,

Zb ndependent and identicall ﬁf dlstrlbuted S:I .i.d.) random Vasrlables

atement is FAL
ernou

<1
Then, which of the following statement is NOT True ?

Gy
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Q31

Q32

Q33

Q34

(79e* + 2024eY,
23 log(l + Z)) is a sufficient statistic for 0

(B) .eX+Y+Z
© 13(X +Y
+ Z)? is a complete sufficient statistic for §

©) log(X —2Y
+ Z) is an ancillary statistic.

Consider the function

sin1/q
f(m):{ i T =p/q
1+sin(z —1), =€ Q°U{0}
Let S
= {c € R:lim f(:c) exists } Then
T—C
A1 >1
(B) S'is finite

(C) S'is countably infinite
(D) S is empty

Let V be a vector space over [F with dimension
n.LetT : V — V be a linear transformation
with only 1 as eigenvalue. Then which of the
following must be true?

ANT—-I=0 ®(T-1)""=0
@[T -D"=0 O[T -1 =0
203 2 0 -2
car_ 010 13 4 ,

001 0 4 4
111 0 1 1
5 5
1 1
b = and by =
T N
4 3

Then which of the following are true ?

(A) Both systems M X = b; and M X = by are
inconsistent

(B) Both systems M X = b; and M X = by are
consistent

(C) The systemis M X = b; — by consistent

(D) The systems is M X = b; — by inconsistent

Consider a trivariate discrete random variable
W = (X,Y,Z2)" with pmf

T

fwlly|] =G @) E) wihe,y,
z

z € {0,1}

If we take random sample wy , wy, -+,
wig from W . Define

=1
510_10

iy (wi — ) (w; — w)"

is a minimal sufficient statistic for 8

Q35

Q36

Q37

Q38

IIT JAM

(C) trace (E (S10)) = %

(7)) -
Z

Let Uy, Us,

... be a sequence of independent and identically distributed U(0,1) ran
Go = ([T U)'"
be the geometric mean of Uy, Us, . . .,

U, forn e N.
Let X; and X, be degenerate random variables such that P(X 1= 0) =

Then, which of the following statements are true?
(A) G,, converges in r-th mean to X; asn

— 00, for any r > 0.

(B) G,, converges in probability to X; asn
— 00.

(C) G, converges in distribution to X, asn

— Q.
(D) G,, converges in r-th mean to X, asn

— 00, for any r > 0.

LetXl ) X2a T Xn

be random sample of size n having probability density
function f (z|6).

Then which of the following statements is (are ) TRUE
=

(A) If | T is a sufficient statistic for 6 € O,
then T is also a sufficient statistic for 6

€ 0.
(B) If T'is a complete statistic, then e’

— T — 1is also a complete statistic.
(C)If T is a complete statistic and T2 is a sufficient statistic, then T'is a:
(D) If T is a minimal sufficient statistic, then T3

—2T? +2T
+ 1 is also a minimal sufficient statistic.

Suppose that {X,
}nen is a sequence of independent and identically distributedrandom vai
probability density function f (:v)

Then which of the following statements is (are) TRUE?
X1+2/3X,

(A) L\/‘gg%]auchy(o, 2+ %)

® =

>% 1 X; converges to 0 in probability, as n
— OQ.
(C) The median of {X;, Xs,...,

Xon+1} converges to 0 in probability, as n

(D)%OO. 1/a 1
B(1%]") = s

then which of the following statements is / are TRUE?

(A)1 — X-Ber (%)

(®) Var (Y*) =2

nnnnnn
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IIT JAM

Let X; , X5 and X3 be independent a, = % then lim a,
5:6-7-...-(5+n)’ n—00
N (0,1 ) random variables. Define
sgn (u) Q43 Let f: R — R be defined as
_ i 3sint zc
1, ifu <0 flz ] = v z 2 Then number of
=<0, ifu=0, z? xcQ°

1, if u>0 points at which f is continuous is
LetY; = X;sgn (X3) , Yo = Xysgn Qa4 . L
(X3)and Y3 = X3 sgn (X;) Let (X1>~N2 (m) N
’ 1
Then which of the following statements is (are ) X 2 7 1

TRUE ? Then the value of Var(X; + 2X, | 3X;
(A)YZ”'N (071) —X2

“(5)2((0) (o 1))

@QP(Y1>0,Y%<0,Y;>0)=

~—

is (answer correct to two decimal places).

Q45 Let X be a random variable with cumulative distribution function F(z

NN

DP(Y;<0,Y,>0,Y;<0)= 0, < -1,
Let (Z1, W1), (Za, W o ~lse<o
Q39 Let .

( 1 l)a( 25 2)7 ) F(;{;): ﬂ7 0§m<17
(Z12, ~3+3
W2 2, 1<z <2,
) be a random sample from a bivariate normal distribution 1, x> 2.
BV N (A1, Ag, 72,77, p) with Ay = 4, Xy Then the value of E (e2¥) is

=17, 7 =9, 7'22:16,;7:%. ************

Which of the following statements are true? ’ (round off to two decimal places)

. . . 1

(A) The distribution of 5 Q46 Let X1,...,X;sandYi, ...,

Zgl (Zi - 4) is N (0, 9), Y3 be 1nd(;pendent razndom variables with common density

= —— =), > 0.
(B) The distribution of % f(a:) V2ro exp( 202 ) r=
b 9 Suppose the observed values of 21121 Xi2
) - ; 2

2t (Zl +Wi 11) 15 3X15- and 2, V? are 150 and

(© The distribution of M is t11. 255 respectively.
( ) Then the maximum likelihood estimate of o is equal to

(D) st (wiet) /4 .

The distribution of (7>2 is F4,8 Q47 Let (X77 Y;)a 1= 1’ )

s (VIG 7) /8 be independent pairs from the density
foy) = S
Q40 Let X be a random sample of size one from the probability density function
el i)
f<x|0) :{206 , .13>1,. 0 (z — pcosh)® + (y — psin) 0
, otherwise, <@<2m, (z,y) ERxR
> 0. .
where p is known.
he null h hesis H

?;ppose we want to test the null hypothesis H Suppose the observe values of Z?:l X,
= 2 against the alternative hypothesis H; and 371, Y; are 100v/3 and
1042, 300 respectively .

based on the observed value z of X if a be the method of moments estimate of.

Then, which of the following statements are true? ~ 6 then 2’ is equal to _____
(A) The likelihood function is maximized at 6
_ 1 Q48 LetXl,Xg,--‘,
 2(z-1)°

X5 be random sample of size 5 from
(B) The maximum value of the likelihood function is —457

p, 1)
(C) The likelihood ratio test for testing H, against H, d@ﬁ‘i\?ﬁlﬁ@ﬁf@ﬂ&e ;})g o rdyfor some k > 0.
(D) The likelihood ratio test for testing Hy against H) rejgets liré'fhfe%f’iﬂhff?fﬂﬂf fifiimum variance unbiased estimator of

Q41 :
Leta, = (2" + n2" sin? %) ;moneos L then Q49 Let X(j), Xy
lim a, is denote the order statistics of a random sample of size 2 from N (u1,2) . *
n—oo

Q50 Let X]_,Xz,. cey

X3 be a random sample from a distribution with
probability density function

Q42 Consider <a, > be a sequence of real numbers
defined as

nnnnnn
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Q51

Q52

Q53

Q54

Q55

Q56

Q57

O0<z<3,
otherwise,

pela) = { e+

where c is a real constant.

where |z]
denotes the greatest integer less than or equal to.

z.
Let F; 8 (l‘)

be the empirical distribution function of the samgle
« is the variance of Fy(2),

then 32a (in integer ) is equal to

0
IfA= 1 | then Trace (ASO) is
0

O =
= o O

Letk € R, if

4 Q59
lim (sin kx + coskx + m) = e!2, then
z—0"
the value of k is

The value of the double integral

1, 725

circle 2 +y2 =11s

——=—dxzdy over the first quadrant of the

Let X be a discrete random variable with p.m.f.

f€{fo, f1}, where
x:1|x:2|m:3|m:4|m:5|
fo(z)| 0.1 0.1 0.1 0.1
fi(z) ] 0.05 | 0.06 | 0.08 | 0.09

Q60

0.6
0.72

The power of most powerful size o =0
.2 test for testing Hy : X~ f, against H 4

: X~ f1, based on X, is

(exact two decimal places)

Let Xy, -+,

41:3 —
X5 be random sample from the probability density function f (z|0) = { 9 €
0

(rounded off to 3 decimal places)

Suppose X and U

are independent random variable with
P(X=k= k=0,1,2,

-, 2026
and U having a uniform distribution on
[0,1] . Then the value of

512 €2

P(—log(X+U —

is equal to

(Answer in integer)

where [t]

1
2027

X +U]>2)

denote greatest integer function less than equal to
t.

nnnnnn

IIT JAM

In a random experiment, a fair coin is tossed once. Then, an unbiased si
B { 120, if Head appears,
- 121, if Tail appears.

Let X denote the total number of times 3 appears out of S.

If p is the P(Head | X = 30)

then the value of 1151p is equal to

(Answer in 1nteger)

If
Let

A
={(z,y) ER*: [z| -3 <y<|z|+ 3}
Let the joint probability density function of (X,

Y) be
—e 3 z,y) € A,
fla,y) = (:9) _
0, otherwise,

If , the covariance between the random variables X and Y is equal to « -

2Ja— 1

Let X and Y be independent random variables such that

X follows U (0, 2) distribution and

Y follows Bernoulli distribution with success probability 8 € (0, 1).
Define W =X+Y.

Let wy; = 0.3, wy =2.4, w3 =0.8, wy

=1.9, ws =2.1, wg = 0.6

be the observed values from the distribution of W

Then the maximum likelihood estimate of 9062 equals

Let {Y,, }n21

be sequence of independent and identically distributed random variabl

Consider the testing of hy
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Answer Key

Qa1 (©) Q31 (A,B)
Q2 (D) Q32 (C,D)
Q3 (D) Q33 (A, Q)
Q4 (B) Q34 (A,B,C)
Q5 (B) Q35 (C,D)
Q6 (D) Q36 (A,B,C,D)
Q7 (C) Q37 (A,C,D)
Q8 (B) Q38 (A,B,D)
Q9 (D) Q39 (A,B,Q)
Q10 (A) Q40 (A C)
Q1 (€ Q41 2~2
Q12 (A) Q42 24~24
Q13 (D) Q43 1~1

Q14 (C) Q44 5.29~5.39
Q15 (D) Q45 14.24~14.32
Q16 (D) Q46 3-3

Q17 (B) Q47 9~9

Q18 (C) Q48 0.11~0.17
Q19 (A) Q49 0.5~0.5
Q20 (C) Q50 1~1

Q21 (B) Q51 3-3
Q22 (C) Q52 2~2

Q23 (B) Q53 0.12~0.18
Q24 (D) Q54 0.24~0.24
Q25 (D) Q55 0.02~0.029
Q26 (D) Q56 512~512
Q27 (C) Q57 546~546
Q28 (C) Q58 5~5

Q29 (C) Q59 10~10
Q30 (D) Q60 3.86~3.93

O Android App | iOS App | PW Website
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Q2

Q3

Q4
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Hints & Solutions

Text Solution:

0 0 J
GvenB=10 J 0

J 00 3nx3n
where J = [a;; = 1],

Considern =1=J = (1);,,

0 0 (1)
=B=|0 (1) 0

(1) o o
=p(B)=3

Hence, options (A),(B) and (D) are discarded.
Therefore option (C) is correct.
Also we can prove the option (C)
0 0 J
B=|0 J O
J 00

After applying finitely many row operations, we
get

J 00
B-10 J O

00 J
which is a block diagonal matrix.
Now, using the fact that the rank of a block
diagonal matrix
is equal to the sum of rank of each individual
diagonal block, we get
p(B) = p(J) +p(J) +p(J) =3-p(J) =3
.1=3
Text Solution:
Consider the augmented matrix

11 -1]9
[Ap)]=]1 2 0 3 |a
31 2|18
1 1 -1 9
-1 0o -2 5 a—18
0 0 0|-9-a+18
pl[A] = p(Alb) if

—9—-a+18=0ie.a=9

Text Solution:

As ABis a non-singular 3 x 3, matrix so
p(AB) = 3.

Also p(AB) < min{p(4), p(B)}
3<p(4)

Here Ais 3 X 4 matrix, hence p(4) < 3
=p(4)=3

Similarly p(B) = 3

and nullity of A is 4-3=1,

and statement P is false.

and p(BA) < min{p(A), p(B)}
p(BA) <3

So BA is singular, and statement Q is false.
Hence option (d) is correct.

Text Solution:

Solution.

Given a continuous random variable X with MGF M
M(t)
M(-t)
Define Y = X — 3. Then My(t) = E(e')
= B(e'" 7)) = e ¥ M(¢).

(t) satisfying =% vt > 0.

My(—t) = M(—t) =
My(t) e St M(t) e M)
My(—t)  etM(—t) —  M(-t)
6t 6t _ 1.

=e
= My(t) = My(—t) YVt = Yand
— Y have the same MGF, hence the same distribution.

Thus X — 3 and 3
— X are identically distributed.

= the distribution of X is symmetric about 3.
(D) is therefore TRUE.
If a continuous distribution is symmetric about 3,
then P(X <3) = P(X > 3) = -,
so 3 is a median.
Hence (C) is TRUE.

Further, for symmetry about 3 we have f
B+u) = f(3—u) Vu.

Let z = 3+ u. Then f(z) = f(6 — ) Vz.

Thus the correct symmetry relation for the pdfis f(z)
= f(6 — z), not f(z —3) = f(3 —z).
Note that f(z — 3) = f(3 — z) Vo <—
f(2) = f(=2) ¥z,

which means symmetry about 0, not about 3.
Hence statement (B) is FALSE.

Since X is continuous, P(X =3) =0
~ P(X-3=3-X)=P(X=3)=0,

so (A) is TRUE.

|The FALSE statement is (B)|

Q5 Text Solution:

Solution:

LetU =X 1 X 2
where X; and X, are independent with f

1
e

By the standard formula for the product of two independent random var:

nnnnnn
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fu(w) = / : 7(e) 7(2) %dw.
o0 1 1 1

= . - —dx.
/700 (1 + a?) 7r<1+ (5)2) ]
1 > 2
72 J o (1 + 22) (22 + u?) m?
o0 x
dx.
/0 (1 + z2)(z? + u?)
y 1 1
Putt==x ﬁmdm:idtéf(](u):—
m
[
o (1+t)(t+u?)
Using partial fractions !
T+t u?)
1 1 1
w2 —1\1+t t4+u?2)’
1

Hence fy(u) = PR

/ o0 1 1

— | dt
0 1+t t+u?
Evaluating the integral gives 2 log |u].

2log |u|

2w-n v

fo(u) =

Hence the correct option is (B).
Q6 Text Solution:
Solution:

We are given X1, X, ... i.i.d.\ N(0,1),

"\ Xoi1
— Xo;
-1
S
i=1
n XZ' 1 2n
Write Uy, = » X’* ;o Va=) X2
i—1 % i—1

U,
that Z, = —.
SO a v

n

Result 1:

If X,Y are independent N(0,1), then X
/Y ~ Cauchy(0,1).

Here each pair (X9;_1,
X5;) is independent and N (0, 1),

Xoi—
= Y; = L ~ Ca,uchy(o, 1),
21

i=1,...,n,

IIT JAM
and Yy,...,Y, arei.i.d.
Result 2 (Additive Property):

IfYys,...,Y, areiid.\ Cauchy(0,1),
thenY; + --- +Y,, ~ Cauchy(0,n),

.
and hence Tt Cauchy(0,1).
n

Since U,, = 2”: Y,
i—1

7
Un
—* ~ Cauchy(0,1) for every n,
n
U, 4
= — — Cauchy(0,1).
n

Result 3 (WLLN ):

1 1
V=Y x2 B =1,
2n 2n &~ "

Vi o, Va?

n n

Rewrite Z,, and apply Slutsky’s theorem:
U, U,/n

Ny Va Vo/n

Va

p
— = 2.
n

d
Y — Cauchy(0, 1),
n
Result 4 (Slutsky):

d b4
IfA, — A, B, > b#0, then 4, /B,

d

— A/b.

U, d  Cauchy(0,1
Hence Z, = /n auchy( )

Vo/n 2

Result 5 (scaling of Cauchy):

If C ~ Cauchy(0,v) and a # 0, then aC
~ Cauchy(0, |a|y).

Thus if C ~ Cauchy(0,1), then %C

~ Cauchy (0, %) .

d 1
= Z, — Cauchy (0, 5) .

The limiting distribution of Z,, is Cauchy
(0, %) , so the correct option is (D).

nnnnnn
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Q7 Text Solution:
Solution:

Given:
Consider the probability space (2, F, P)
=((0,1), B(0,1), Py), where Py((0,z])

=z, z < (0,1).
1
Define X(w) = log 1 € (0,1).
1
X(w) =log T = —log(1 — w),
O<w<l

Proof that X is exponential:

P(X <z)=P(-log(l —w) <x)
=Pl-w<e?)=Pw>1—e").

Since w ~ Uniform(0, 1),
Pw>1—-e")=¢e", x> 0.

= PX<z)=1-¢7, z >0,

IIT JAM

Zl(X)a Xe A7
IfZ =
ZQ(X), X e AC,

then E(Z) = B(Z,(X)14) + E
(Z2(X)1 ).

In the continuous case, E(Z) =

| 2@+ [ @i

Write E(Z) as an integral:
E(Z)= E((X - 4)1{X§8}
+ (X +2)1x5)

—/zs(x )—dz+/12(x+2)—da:.

First integral:

10 10 J,

1 [22 s
L

0] 2 ,

which is the CDF of the exponential distribution with parameter 1.

Hence X ~ Exponential(1).

—_

Result: E(e 'X) = 1—+t’ > =l

Step 1: E(ef% )

Step 2: E(e_% ) =

Step 3: Var (ef%X) = E(efgx)

- (efe )’

2 16 98-80 18

5 49 245  245°

18
245°

Var (e‘ %X> =

Correct option is (C).

Q8 Text Solution:

Solution:
X ~ Uniform(2,12), fx(z) = —
nirormi &, B X —m
1
=, 2<zx<12
10 “=%=
X—4, X<8,
7 =
X+2, X>8

General Formula:

e (5o
_<2_2—4 2) (32-32) - (2-8)=0

2
~ (~6) =6.

8
1 6

Second integral:

12 1 1 12
/8(x+2)ﬁd ~3 ) @+

1 2 12
3

2 8

Zotox| == +2-12
2 ) 2
82
(2 +2. 8):(72+24)—(32+16)

=96 — 48 = 48.

12 48
= — d = =4.8.
/8 T+ ) T = 10

Add both parts:

E(Z)=0.6+48=>5.4.

Correct option: (B)

Q9 Text Solution:

nnnnnn
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Solution.

p(£ocax)-p(x2)-

0 2

3x
—dzx.

/9/2 63

.. Confidence coefficient = %

Q10 Text Solution:
Solution.

p(s) x (4" (*52)" (%) =<

640 (1 _ 9)40(1 + 9)40'

£(0) =InL(0) =lnc+40Infd

+40In(1 —6) +401In(1 + 6).
) _ 40 40 0 _ g

— == - = 4+ —

do (4 1-6 1+6

302 =~ 9 = L
=1 30:9—\5.

- The MLE of § is .

Hence Option A is TRUE.

Q11 Text Solution:
Givenf:R—>R

f@)=2+z+a
= f'(z) =32 + 1> 0Vz

= fis an increasing function, hence it cuts the
-axis only once.
Thus, it has exactly one real root of for all a.
So option (b) is correct answer.
Q12 Text Solution:
Leta, = % + 2nmand b, = 3—2" + 2nm
Then a,, — 00, b, — 00
. . 2
but lim f(a,) = lim (§ +2n7)” — oo
n—oo n—0o0
. . 1-1
and lim f(b,) = lim (3T +2n7)" =1
n—oo n—o0
Hence, by sequential criteria limit does not exists.

Q13 Text Solution:

1 01}2
A=|1 200
0 0 -3

Eigenvalues of Aare 1, —2, —3

= Cylz)=(z—1)(z+2)(z+3)
= (z—1) («* + 5z + 6)

=2 +522+6x—2>—5x—6
Ca(z)=a®+42 +z -6

Using, Cayley's Hamilton theorem

= A3 +4A2+A—-61=0
=6l=A%+44%2+ A

Apply A~ on both sides, we get

Q14

Q15

Q16

Q17

cysTomeR
SeRvice

IIT JAM

=641 =A% +4A4+1T

=641 =aA? +bA+clfora,bcceR
Compare with above equation (i), we get
a=1b=4,c=1

So,(a,b,c)=(1,4,1)

Text Solution:

Note that ke — 1 < [ka] < ka Vk € N.
a—142a—1+...+na—1 < [a]+[2a]+. . .+[na]
n? = n?
+2a+. . .+n
S (o3 an2 107

=

an(n+1) ( +1)
— an(n
= —F— SThn < — 5
. an(n+1) o
Clearly, 7}1_}1{.10 = 3

an(n+1)
7

= lim

n—00 n
So, by squeeze theorem
lim z, = 5
n—0o0

2

Text Solution:

. ay a,
Consider =% =
an 1+a2
n
_ 1 : 2
= Ta <1 [smce a;, > O]

= api1 < ay;Vn €N
= <a,> is monotonically decreasing
Now, for bounds using PMI

Forn=1
__m
as = Tt >0
Gk
Let ar, = T, >0

%
Then a1 = Tral >0

= a,>0 VneN

Text Solution:

Case (i) : Let € Q then by choosing 1 to be
sufficiently

large, n!z can be made an integer, then
sin(nlrz) = 0.

:>f<:v> =lim-2_ =0

t50 0+
Case (i) let z € QF, then 0 < sin? (n!ﬂ'.’v) <1

= flz] =lim |[lim ——| =1
n—oo [t—0 14—
in2 (!
T
T :{0 z€Q
1 ze€Q°

Hence, f is nowhere continuous on R.
Text Solution:
Solution:

Let Y; = | X, Z; = Y] = [|1Xil],

—

i=1

Since the density of X; is symmetric, ¥; has fy (y)

=e Y, y> 0,=Y; ~ Exponential(1).

O Android App | iOS App | PW Website


https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://play.google.com/store/apps/details?id=xyz.penpencil.physicswala
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://apps.apple.com/in/app/physics-wallah/id1641443555
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/
https://www.pw.live/

Distribution of Z; = [Y7] :

P(Zi=k)=Pk<Y, <k+1)

k+1
= / e Ydy
k

=(1-ebe™F, k=0,1,2,...

Result:

For the geometric distribution on {0, 1, 2,

Y

1- 1-
E(z)=—2L,  Va(z:)=-—2
P p

)

withp=1—¢L.

E(Zl):%, Var(Z;) = (ef1)2.

e —
Using CLT:

_ d
% ~ N(0,1)
n

for a, = nE(Z;) = T
e —

en

e—1
b, b
Then % = /&, 1-22_1_ /¢
an n anp n

Result: log(l1 —z) ~ —z asz — 0.

log(l—Z—:) —1og(1—\/§> ~ =y
(e ) de( 5)-

Je

9

.1 b\ Ve
,}1_1)205\/771%(1_ ) =——.

n
an

b, = 4/n Var(Z;) =

Je

Correct option: (B) — —.

2
Q18 Text Solution:
Solution.
0
_27 z 2 0)
The density is fy(z) = ¢
0, otherwise,
0>0.
For a random sample X, ..., Xy, let z(y
= min(zy,...,Z,).

The joint density under 0 is fy(z1,...,z,)

i=1

SeRvice

1T JAM
Hence the likelihood is L(6 | z)

=0"I{0 < 33(1)} (H mi2> .
i=1

For testing Hy : 0 = 1 against Hy : § = 2,
L(2|z)
L(1]z)
=2"Hzq) > 2}.

the likelihood ratio is A(z) =

Since the family has a monotone likelihood ratio in z(y),

the MP test rejects for large z(y).
Thus the critical region has the form
{(z1,- -5 2n) s ) >}

To find ¢, impose the size condition under Hy
:0=1.

Pl(X(l) > iL‘) = Pl(Xl >y, X, > iL’)
= (P1 (X1 > a:))"

*1 1
T

1 n
= P (X(l) > iL‘) = (—> y z>1.
The size a condition is P (X (1) > ¢) = a.

1 n
= (—) —a = c=a /"

Hence the MP size « critical region is

{(z1,...,25) : T(y) > ofl/"}.

|Reject Hy if 21y > a /"]

Q19 Text Solution:

Solution.

1
On the support we have 0 < z < 37

z? <y < ba?,

and since z > 0, |z| = z, so f(z,y) = kz.

1/3 5z
1:// kxdydw:/ / kx dy
support 0 z?

1/3 1/3
dz = / kz(5z% — %) dz = / 4kz®
0 0

dx.
1/3 41/3
3 x
de = —
/0 v dr = —

0 4.3% 324

1 k
i'LfM'ﬁﬁ‘”ﬁ'zﬁ k = 81.

Thus f(z,y) = 81z on the support.
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The event 2X + 3Y > 1is equivalent to y
< 1-2z
7

We must solve the intersections of y

1-2
= :v with y = 2% and y = 5z

1-—2z
z? =

= 3224+2x—-1=0 =

Bz—1)(z+1)=0 = $:%in[0,1/3]

1-2
5’ = — L S 1522422 -1=0 =
bz —1)(3z+1)=0 = =z
1,
=gin [0,1/3].

1 1-2
HenceonOSmgg, 5m2§ 33:,
so there is no contribution to P(2X + 3Y
> 1).

1 1 1-2
On=<z< =, z’< x<5$2,
5 3
. 1-—2z 5
so the event region is y € , dT
1/3
P2X+3Y >1) / / 81xdy

1/3 _
:/ 8lx (5:172 — ! 2x> dr =
1/5 3

1/3 1
/ 8lx <5$ +ﬁ—> dz.
1/5 3 3
= 81/ (5:33 + 22— —m) dz.
1/5 3 3
2
/ (5x3 + §w2

1 5,2
—§m)dm_zx +§m

— g2

z=1/3

1 9T %Y, 121800
976
P2X+3Y >1)=81. 20
= PRX+3Y>1) =81 o0
a4
375"
944
PORX+3Y > 1
(X +3V>1) = o

Q20 Text Solution:
Solution.

IIT JAM
X1, X5 ~ Bernoulli
(%) independent, and M =
min(X7, X»).

Since X; € {0,1}, M = min(X;, X»)

1, ifX;=land X, =1,
" 10, otherwise.

= M=X1X,
1
B(X) = 9
B(M) = P(X, = 1,X, — 1) %
1
E(X2M) = E(X2X,) = E(X2X,) = 1
Cov(Xs, M) = E(XaM) — E(X3)E(M)
1 11 1
42 4 8
11
Var(X,) = 351 Var(M) = =
33
4 16’
Xo, M
Corr(X,, M) Cov(Xs, M)

- \/Var(Xg \/Var(M)

ff

SI

ol

Q21 Text Solution:

Solution.

Let N denote the total number of trains in one hour and F' the number ¢

N ~ Poisson(80), P(freight) = 0.2,
P(passenger) = 0.8.

By thinning of the Poisson process, F'
~ Poisson(80 x 0.2) = Poisson(16),

and P ~ Poisson(80 x 0.8)
= Poisson(64), with F' L P.

Also N =F+ P.

E[N | F=16] = E[F | F = 16]
+E[P|F=16].
E[F|F=16=16, E[P|F = 16]
= E[P] = 64.

E[N | F =16] = 16 + 64 = 80.

|E[N | F = 16] = 80.]

nnnnnn
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IIT JAM

Let {N(t), t B Cov(W,U) 3
> 0} be a Poisson process with rate A o= \/Var(W) Var(U) - V102
> 0. 3
=3

Each arrival is independently classified as type I with probability p
Compute the numerator of the partial correlation:

and as type II with probability 1 — p.
1
Let Ny (t) and Np PYW — PYUPWU = — ——
(t 5v2
) denote the corresponding counting processes of type Ian(d.?%&e)l(ar_&a}.: — L — i =
10 2.5 5v2 542
Then N (t) ~ Poisson(\pt), 4
N, (t) ~ Poisson(A(1 — p)t), - 5v2
and Ni (t) L Na(t), t=>0. Compute the denominator:
Q22 Text Solution: 5
1—p%2, =1— 2 :1_i:§
Solution. Pru /10 10 5
WehaveU =X+Y, V =4X-2Z, , 3 \?2 9 11
W = 3Y + Z, where X,Y, L=pyy =1- 21/5 _1_%_%'
Z are independent N (0,
1) random variables 1 2 (1 2 _ /3. u
¥ \/( = pvr) (L = piyyy) = 5 320
All variables are jointly Gaussian, so we can use 33 33
_ PVW — PVUPWU ~ V100 10
pPvwiu = .
VA= pb)(A Py Therefore
First compute variances. —5;\4/5 4 10
Pvwiu = = : =
Var(U) = Var(X + Y) =1+ 1=2. < 5v2 V33
40 8
Var(V) = Var(4X — 22) = 4> - 1+ (—2)* = .
1=16+4=20. 5v66 Vb
Var(W) =Var(3Y + Z2) =32-1+1%-1 pPvwiv = S
=9+1=10. V66
Next compute covariances using independence of X, Hence the correct option is C.
Y, Z.

Cov(V, W) = Cov(4X — 22, 3Y + Z) — 4 Q23 Text Solution:
-3 Cov(X,Y)+4-1Cov(X,Z)—2-3
Cov(Z,Y)—2-1Var(Z) = —2.

Cov(V,U) = Cov(4X —2Z, X +Y) =4

Var(X) = 4.
Cov(W,U)=Cov(3Y +Z, X+Y)=3
Var(Y) =3.

Now compute the ordinary correlations.
B Cov(V,W) 2
W Nar (V) Var(W)  v20-10
1
5v2

Cov(V,U) 4
pvu = =
VVar(V)Var(U) +v20-2
2
10

nnnnnn
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Let Xy, Xo, -+, X,

be random sample of size n (> 2)
from a distribution having
probability density function

f(z, 0)

_ { %67@_;9) , >0

0, otherwise
where 6§ € R. Let Xy
=min (X, Xo, -+, X,).
Now , X(;) is Complete sufficient for 6.
Since
E (X + a5l — elXe=Xil) = B (X7)
=0+3

since X; are i.i.d. random variables.
E (e\leXs\) —F (e\X2*X4\)

By Rao Blackwell theorem,
E (X 4 X%l — eXi-%l| X )
=h (X))
E(Xy)=0+;
E(Xq —2)=0
h(Xw) =Xa) — 5 +3
— X +382

Hence Correct option is C.

Q24 Text Solution:

nnnnnn

IIT JAM
The random variable X takes the values
{-1, 0, 1}according to the distribution
{Fp :0<p< %} such that X
—1  with probability p,
=<0 with probability 2p,
1 with probability 1 — 3p.

Let X7 and X,

be random sample from this distribution.
Define T = |X; + X,|
Completeness of X :
E(g(X)) =0
=g(=1) xp+g(0) x2p+g(1)
x(1-3p)=0, forallp € (O,%)
=p(9(-1) +2¢9(0) —39(1)) +g(1) =0

, forallp € (0, %)
s0, g(1) =0andg(-1)+2¢(0)=0 ,

forallp € (0, %)
now,
consider the function g

., z=0
g(%): 727 z=-1
0, z=1.

Then E (g(X)) =0, forallp € (0, 3)
But P(g(X)=0) #1.
So X is not complete.
Completeness of T :
Distribution of T :
P(T=0) =P(X;=0, X,=0)
+P(X;=1, Xy =-1)
+P(X;=-1, Xp=1)
= 4p% +2p (1 — 3p)

Similarly,
P(T=1)=4p* +4p(1 - 3p)
P(T=2)=p*+(1-3p)°
Now,
E(h(T))=0
= h(0) x (4p* +2p(1 3p))—|—h( )

x (4p* +4p (1 —3p)) + h(
X (p +(1- 3p)) =0, for allp
€(0,3)
= 2p? {—h(0) —4h (1) + h(2)}
+2p{h(0)+2h (1) —3h(2)} +h(2)
=0, forallp € (0,%)
=h(2)=0, —h(0)=h(1)and2h(1)
=—h(0), forallp € (0, é)
=h(0)=h(1)=h(2)=0, forallp
€(0,3)
Then E (h(T)) =0, forallp € (0,3).
So , T'is complete.
Hence D is correct option.
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Q25 Text Solution:

X ~N(0,9), P(Y=1)=PY =-1)

X
Z— XY+ 2
Ty

ForY=1: Z:X-1+%:2X,
For Y = —1: Z:X.(_1)+£1:
~X - X =-2X.

)

—2X, with prob.

{ 2X,  with prob.

D= o=

2X ~ N(0,36), —2X ~ N(0,36).
Fy(2)=P(Z<2)
—P(Z<z|Y=1)P(Y =1)
+P(Z<z|Y=-1)PY=-1).

Fz(2) = 3 P(2X < z) + 3 P(—2X < 2).

Now,

Z3 272 - Z+2=(Z-2)(Z-1)(Z
+1).

(Z-2)(Z2-1)(Z+1) <0 <= Z
€ (—o0,—1) U (1,2).

P(Z3-2Z° - Z+2<0)=P(Z < —1)
+P(1<Z<2).

Z
Z ~ N(0,6%) = E~N(0,1).

P(Z < -1)= @(—%) ,

P(1<Z<2)<I><%> @(%)

3 2 1
P(Z*—27°-Z+2<0)=®(—%)+®

(3) - 2(3)

uuuuuu
SERvice

IIT JAM

Hence D is correct option.

Q26 Text Solution:

We have X;~N (6,5)

For the normal family N (6,

5) (variance known), X is complete and sufficient for 0

If an estimator has the form T'(X)

= h(X), where h is one-to—one,

Consider h(z) = z + exp(2(z — 1)),
z e R.

B (z) =1+ 2exp(2(z — 1)).

Since exp(-) > 0, we have h'(z) =1
+2exp(2(z—1))>1>0 forallz eR.

Therefore h'(z)
> 0 everywhere, so h is strictly increasing

Hence h is one--one (injective).

then T
(X) and X contain the same information about 0

Hence T’
(X
) is also a (one-to—one) function of the complete sufficient statistic X.
Therefore any unbiased estimator of this form is the UMVUE (Lehmam
Givenn =5, o2 = 5.
2

X ~ N(p, %) = N(, 1).

(a) UMVUE of e?*.

2% 202
E(e**) = exp| 2u+ — = exp(2u + 2)

Let g(X) = ce?X.

E(g) = ce?t? = = o= 2,
§(X) = e?e*|.
(b) CRLB for estimating e.

glp) =€ = g'(n)=2e""

5 5
Is(#)—?—g—l-
12 222
CRLB = W W) _ (2e*)
Is (1) 1

CRLB = 4e*|.
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(c) Variance of the UMVUE. with symmetric step support covering all residues, the unique stationary
N _9 9% 1
g=e 2€2X‘ 3 7.‘.(7-):_Pstat()(:'r):m,
G2 =etetX. r=0,1,...,2025.
) 802 By convergence to stationarity, P(X,
E(e*¥) = exp (4H + T) = exp(4p + 8) =r) = 7(r) asn — oo.
’ 1
lim P(X, =2025) = —.
B(g%) = e7iets = ettt =l P(X = 2025) = o555
~ ~92 ~
Var(g) = E(3") — (Bg)* =™ —e™ lim P(X, = 2025) = —~ .
— 64”(84 o 1)‘ n—00 2026

Thus, option C is correct.
[Var(3) = e (¢* — 1) P

Q28 Text Solution:
(d) Comparison.
Model: Y; = 8X; +¢;, E(g;) =0, Var
Since the exponential function is convex, by the tangent line inequalitYEvvseg%vp
i) =0

x
e >1+x forallz €R, B ‘Z?ﬂXiY; B B "Y;
with strict inequality e > 1+« for oy X2’ ? SrLX
£0. )
Unbiasedness of 3; :
et —1>4 = et —1) > et
n
— CRLB. Y =BX;i+e = XY=
Hence the CRLB is not attained. . nizl N
- Xi(BX; +e)=B8Y X2+ X
UMVUE = e 22X, CRLB = 4e*, ; D 2 ; ' ; o
V g) = (et - ]. . n
ar(g) = e™(e ) B B B>, Xi2 +30 Xiei _3
L= =
Hence D is correct. E?:l Xi2
Q27 Text Solution: + M
S X7
Solution . N
5 B3, Xiei)
X, =Y, mod 2026 = (Z, + Zy + - - - E(ﬂl):5+7zi < =P
+ Z,) mod 2026 L
" ' n i XiE(ei)
Each Z; is uniform on {1, 2,...,2025}. S X? N
Modulo 2026, Thus [3’1 is unbiased for 8.
{1,2,...,2025 )
} are exactly the nonzero residues 1, ..., Unbiasedness of 3, :
2025. n n n n
Thus the increment Z; Z Y, = Z(ﬂXi tei) = ﬁZ Xi+ Z &i
i1 i=1 i=1 i=1

mod 2026 takes each nonzero residue with probability

2025° n n
5 Y Y D1 €

The process (X,,) is a Markov chain on 2 = X, =B+ S X,
{0,1,...,2025}. B e
3 i=1 i
From any state 7, X,,,1 = (r + Zp41) E(By) =B+ Z"iX = 8.
i=1 <%

mod 2026 can move to many states.

. Hence 3, is al iased for 3.
Because the steps cover all nonzero residues, repeated sums g%%%%ﬁ% lesvaers}?r%m e class Iélod 2026.

Hence the chain is irreducible. Variances:
T o .
There exist cycles of different lengths, so the gcd of cycle lengths[§§ 1 Bhilsil"kpbl%gﬁ% is aperiodic.

"X
For a finite irreducible aperiodic Markov chain on the group Zsgg, 2 Xi

nnnnnn
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Var(By) = 2z Xied)
(Xr, x2)

. Z?:l Xi2‘72 _ o’
(T, x2)" X XE

P _ D ic1 i
By —B= S

_ Va3, &) . no’
LX) (X))
Compare Var(3;) and Var(8,).

(i X)) <n i X?
i=1 i=1

(Cauchy--Schwarz inequality).

Var(B?)

1 1
= _ - > —
(>oi Xi) nyiX;
A no? no?
= Var(8,y) = — > =
(o Xi)? nY i Xz'z
2
0’ A~
= =g = Var(f).

i X;

IIT JAM

Q29 Text Solution:

Let (X1,...,Xk) ~ Multinomial(n; p1,
k
i=1

Then X; + -+ + X} = n.
Means:
E(X;)=np;, i=1,...,k.
Variances:
Var(X;) =np;(1L —p;), i=1,...,k.
Covariances:
Cov(X;, X;) = —npipj, i#j.

Variance--covariance matrix ¥ = Var

(X1,..., Xz).

Yi=npi(1—p;), ij =-—npip; (i #j).

Since the X; are distinct and positive, the inequality is-sflrict,

= Var(B;) > Var(8,).

b))
npi(1—p1)  —npips e —Np1Pk
—np2p1 npa(l —p2) - —Np2py
—npip; —npgp2 -+ npp(l—pi)

|Both estimators are unbiased and B o has larger variance than ;.

Take X; = i2, i=1,2,...,n.
)(2n 4 1)

n o n _2_n(n+1
;Xz—;z———ﬁ .

n

ix} = zn:(iz)2 => it

i1 i1
n(n+1)(2n +1)(3n® +3n — 1)
30

~ 0'2

Var(f,) = W
i—1 X;
2

g

n(n+1)(2n+1)(3n%+3n—1)
30

300
n(n+1)(2n+1)(3n®> +3n—1)

~ ’I‘LO’2

Var(8,) = —
(7) (> Xi)

no? 3602

(n(n+1)(2n+1))2 n(n+ 1)2 (2n+ 1)2

6

Hence Var(3,) > Var(3;) for alln > 2.

Thus, options C correct.

nnnnnn
SeRvice

Compact matrix form:

b= (pl’ s apk)Ta
Diag(p) = diag(p1, - - -, pr)-

% = n(Diag(p) — pp").
Property 1: rows and columns sum to zero.
¥1=0, 1=(1,...,1)".
Hence the vector of ones is an eigenvector with eigenvalue 0.
Property 2: singularity and rank.
Since X1 = 0, X is singular.
rank(¥) =k — 1.
Property 3: signs of covariances.

i =npi(1—p;) >0, X, = —np;p;
<0 #J).
So variances are nonnegative and all off-diagonal covariances are nonpo

Property 4: correlation between X; and X (i # j)

COV(Xi , X])

P Nar(X,) Var(X,)

—NpiP;

- V(L= pi)/np; (T —p;)
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[
P T-p)1-p)

Property 5 (uniform case p; = 1/k):
1 . 1 1

where I is the k
X k identity and J is the all-ones matrix.

Eigenvalues of ¥ : 0 (once),

% (multiplicity k — 1).

So the largest eigenvalue is Apax = %
Wehave: k=4, n =50, p; =py = p3
1
=DPs= 1

1 )
E(X;) =np; =50- 1= 125, ¢=1,2,3,
4.
i 3
Var(X;) =np;(1 —p;) =50- 11 50
3 150
616 9.375.
1 1
Cov(X;, X;) = —np;p; = —50 - 1°1°
1 50 .,
Thus the covariance matrix ¥ is
by
9.375 —-3.125 —-3.125 —3.125
| 3125 9375 —3.125 —3.125
—-3.125 —-3.125 9.375 —3.125

-3.125 -3.125 —3.125 9.375

This matches the form X
1 1 1 1
—n(=I-—J)=50(=1-—J).
"(4 16J> 50(4 16J)

Eigenvalues in the uniform case (p;

=1/4):

n 50

)\1—0, )\2—)\3—)\4—E—T
=12.5.

Hence rank(X) =3, Apax = 12.5.

For (X, ..., X}) ~ Multinomial(n; p;,
.y Dk), ¥ = Var(X)

= n(Diag(p) — pp").

k k
tr(X) = ZVar(Xi) = ani(l —pi).

1IT JAM
k k
tx(3) =n)_(pi —pf) =n (1 - Zp?) :

Uniform case: p; =--- =p;, =

x| =

1
Givenk =4, n=50, p; = 1

tr(3) = 50 <1 - %) —=50- % — 37.5.

Since 0 is an eigen value of X.
eigenvalue of 282 — 3 4 I=2x0-0+1=1

Hence 1 is always an eigenvalue of 232
—¥+4+1

Hence C is correct option.

Q30 Text Solution:
Solution:

X,Y,Z areii.d.Bernoulli(d), 0<6<1.

The joint pmfof X,Y,
Z belongs to a one-parameter exponential family.

HenceT=X+Y
+ Z is a natural sufficient statistic for 6.

(A) (79¢* + 2024€”, 231og(1 + Z))

Since eX, ey, log
(14 Z) are one--to--one functions of X, Y,
Z,

the pair is a function of (X, Y,
Z) and thusof T=X+Y + Z.

Therefore (A) is a sufficient statistic.

(B) e X+Y+Z

The transformation ¢ — e is one--to--one,

SO eX+Y+Z

is a minimal sufficient statistic (being a bijective function of
Hence (B) is true.
C)X+Y+2Z

Thesum T =X+Y
+ Z is the complete sufficient statistic in the Bernoulli family

(equivalently Binomial(3, 8) for T').
(Now,) 13(X+Y +2)

T =X+Y + Z ~ Binomial(3, ),

nnnnnn
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which is a complete sufficient statistic for 8 Q32 Text Solution:
Since 1is the only eigen value of T"and V is of

The mapping t — 13¢? is one--to--one on dimension 7.
{0,1,2,3), So, characteristic polynomial is (z — 1)".
By Cayley-Hamilton theorem
hence 13(X+ Y (T _ I)n —0= (T _ I)2" -0
+Z )2 is a bijective function of T'. Hence, options (C) and (D) are correct.

Therefore 13(X + Y Consider n = 3 and T is an operator

+Z )2 is also complete and sufficient. such that 4 — |T| = (1) i [1) ’
Thus (C) is true. 0 0 1
0 1 0
(D) (X=2¥+2) thenA—T=[0 0 1|and[A-T
The distribution of (X — 2Y 0 0 0
+ Z) depends on 6, 2
so it cannot be ancillary. £0,|A—TI| #0.

E(X) = E(Y) = E(Z) =0.
E(X —2Y + Z) = E(X) — 2E(Y) + E(2)

=0—-20+0=0. Thus |T—1| #0and | T—1]| #0.

Although E(X —2Y + Z) =0, Hence, options (A) and (B) are incorrect.

the full distribution depends on 6 Q33 Text Solution:

since P(X —2Y +Z =1) 203 2 0 _255 5 0
=P(X=1,Y=0,Z=0)=0(1-06)>, 010 -13 4i11 0
and similarly for other values. Thus the law of (X Vgl el 13 -2
—2Y + 2) 11101 1:43 1
R1 <~ R4
depends on 6. 111 0 1 14 3
Hence (X — 2Y + Z) is not ancillary. {010 -13 4 11
001 0 4 4 i1 3 -2
Hence (D) is false. 503 2 0 -2i5 5 0
|Correct statements: (A), (B), (C)| R4_<—> Ry — 2R,
1 110 1 1i4 3 1
|Correct option (D)| 001 0 -1 3 4i1 1 o0
Q31 Text Solution: 0 01 0 4 4 1 3 -2
leta € R | 0 21 2 -2 —4{-3 -1 -2
Consider z,, — « Ry < R4+ 2Ry
For option (a): 111 0 11 4 3 1
Ifwne(@p' 010 -134(1 10
=z, =2ifa#£0 :
W ) . 001 0 44i1 3 —2
= flzn) = 4 =2 —" 001 0 44/-11 -2
B - Pn Pn an R4 o R4 + 2R1
o e Thus we have
Now if z,, € Q¢ Rank (M) =3
= f(z,)=1+sin(z, —1) > 1 Rank [M : b] = 4
+sin (o —1) Rank [M : by] = 4

Limit exist when e = 1 + sin (o — 1)

=a—1=sin(a—1) Rank [M': by —bs] =3

So, system is constant for b; — bs,

—sinz iffz =0
rosmr e but not for by and by.

=a—1=0
=a=1 Q34 Text Solution:
= S ={1}.

Hence, option (A) and (B) are correct.
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Consider a trivariate discrete random variable

W =(X,Y,Z2)" with pmf
x

fwllv]] =63 wihe, g,
z

z€{0,1},z+y+ z=1
If we take random sample wy , wy, --- ,
wig from W . Define

S =+
S0 (wi — w)(w; — w)"

P(X=1)

3

1 2
P(X=0=1-1-2

so, X~ Ber( )thenle Ber(%)

=P(X=1,Y=0, Z=0)

similarly ,
Y-Ber (%)
Z~Ber (%)
Var (v*) =E (v®) - (E(v*)?)
2
=g
=((17))= () ()
x 1+
1
w1_ 101
2
Sx® Sxy Sxz
S0 = |Sxy Sy’ Syz
Sxz Svz S7°
trace (S19) = Sx2 + Sy? + Sz*

trace (I (S19)) = E (trace (S19))

E (Sx* + Sy? + S7%)

— B (oxt vy o)

S (1 () (1) (3)7)) = e
» (©).

Hence correct option are (A), (B)

Q35 Text Solution:

n 1/n n
G, = <E Ui) = exp (% ;log Ui> .

Let V; =logU;. Then G,, = exp

(5]

1
/ logudu = [ulogu — u]y =
0
—1.

EVi] =

oYV B = -
n

=1
(Strong Law of Large Numbers).

1
—exp< ZV)—Ma 122.

Q36

IIT JAM
Hence G,, converges almost surely (and thus in probability and in distri

Therefore G,, does not converge to 0 in any mode.

Thus statements A and B are false.
as. 1
Since G,, — —, we have G,
e

1
= = (a degenerate X3).
e
Hence statement C is true.

Moreover 0 < G,, < 1 for all n,
so for any r > 0, |G, — 2| < M, < oo.
By the Dominated Convergence Theorem,
(IGn — ") — 0.

Hence G,, converges in r-th mean to X for any r
> 0.

@rrect statements are C and D.|

Text Solution:

(i) True. Since the sufficient statistic |T
| is a function of T,
it follows that 7' is also a sufficient statistic.

(ii) True. Any function of a complete statistic is again a complete statist
(iii) True. If T2 is sufficient, then T is sufficient (since T2 is a function o
Since T is complete and sufficient, it follows that 7" is minimal sufficient
(iv) True. Consider v(t) = t3 — 2¢> + 2t
+ 1L
o () = 3¢ —4t+2:3(t— ;)2 +§
>0, teR.

Thus % is a one-to-one function, and hence preserves minimal sufficienc;

Therefore T3 — 272 + 2T
+ 1 is a minimal sufficient statistic whenever T is.

Q37 Text Solution:

nnnnnn

Solution:

1
7(1+22)’
—o00 < & < 00, so X; ~ Cauchy(0,1).

Each X; has density f(z) =

Result 1: If X ~ Cauchy(0,1) then aX
~ Cauchy(0, |al).

Result 2: If X ~ Cauchy(0,v;), Y
~ Cauchy(0, v2) and independent, then X
+Y ~ Cauchy(0,y1 +72).

(A) 203 X,
~ Cauchy(0, 2+4/3) by Result 1.
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X1 +2V3X,
~ Cauchy(0,1 + 24/3) by Result 2.

X, +2v3X, 1423
21 tVe? o Cauchy( 0, —=
V3 V3

1
= Cauchy|( 0,2 + —> .
y( V3

Hence (A) is true.

1 n
Result 3: - ; X;
~ Cauchy(0, 1) for each n.

(B) % Z X; always has the Cauchy(0,

1) distribution, hence does not converge

in probability to 0. Therefore (B) is false.

IIT JAM
=(1-2(@) 5 + 2 3 =21
Thus Fy, (y) = ®(y) i.e., Y1 ~ N(0,1).
Similarly Y, ~ N(0,1) and Y3 ~ N(0,1).

Fyv,(y,2) = P(Y1 <y, Y2 < 2)
= P(sign(Xg)Xl <y, sign(X3)Xs < z).

= P(sign(X,)X; <y, sign(X;3)X; < 2,
X3 < 0) + P(sign(XQ)Xl <y, sign
(X3)X2 < z, X3 > 0)

= P(sign(X2) X, <y, Xo > —2, X3<0)

+ P(sign(Xg)Xl <y, Xo<z X3> 0).

| =

1
=3 P(sign(Xz)Xl <y, Xo> —z) +
P(sign(X2) X1 <y, Xo < 2),

Result 4: If a continuous distribution has unique median (ﬁipce X3 L (X1, X5)).

then the sample median of { X7, ..., Xo,,1
} converges in probability to m.

1 1 1
Since F(z) = 5 + —arctanz, F(0) = o
™

thus the median is 0.

(C) Hence median of {X7, ..., X9y 11
} converges in probability to 0.

Thus (C) is true.

Result 5: For X ~ Cauchy(0,1),
1

E(|X|*) = W CERR “-l<a<l.
sin(T)
(D) (X[
1 1
= ——— by Result 5 witha = —.
sin(57/8) 4

Hence (D) is true.

|Therefore, (A), (C) and (D) are true and (B) is false.|

Q38 Text Solution:
(a) One--dimensional marginals

P(Y; <y) = P(sign(X2)X; <) =

0
[Ptz oty dus

oo

/000 P(X; <vy) ¢(u) du.

0 00
- [ -ew)swant [ 26w
- 0

du.

— (1-3(y) / b(u) du + B(y)

/0 h o(u) du.

nnnnnn
SERvice

Let z > 0.
P(sign(X2) X1 <y, X2 > —2)
= P(X; <y, X3 > —2, X3 <0)
+P(-X1 <y, 0< X5 <o0).
= P(X; <y)P(-2< X, <0)
+ P(X; > —y) P(0 < X, < 00).
= 8(y)[2(0) ~ #(~2)] + [1— B(~y)] 1
- @(0)].
= &(y) 2(2).
Similarly P(sign(Xg)Xl <y, Xo < z)
= 2(y) 2(2).

Ifz<o,
one obtains the same final expression ¢

(1)2(2)-
Combining both cases, we get Fy, y, (3, 2)
= 2(y)2(2).
Hence (Y1, Y3) ~ N((0,0), I).
(c) Joint distribution

The joint distribution of (Y3, Y3,
Y3) is not Gaussian.

Y’1>OifX1>0, X5 >0 or X; <0,
X2<0.

Yi<0if X;>0, Xoa<0 or X; <0,
X2>0.

Yo>0if Xo>0, X3>0 or X5 <0,
X3 < 0.

Yo <0 if X5 >0, X3<0 or X5 <0,
X3 > 0.
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Y;>0if X3>0, X; >0 or X35 <0,
X; <0.

Y;<0if X3>0, X; <0 or X35 <0,
X; >0.

Thus P(Y; >0, Y >0, Y3 > 0)
:P(X1>0, X5 >0, X3>0)

1
+ P(X; <0, X, <0, X3<0):Z.
P(Y;<0,Y;<0,Y,<0)=0
fori # j# k.
1
Similarly, P(Y; > 0, ¥; <0, Y3 <0) = 1
for each i # j # k.

Hence the joint distribution of (Y7, Y3,
Y;) cannot be Gaussian.

Hence A, B, D are correct options.

Q39 Text Solution:

Solution.

Z; ~ N(4,9), W; ~ N(7,16),
independent for each 7.

(A % > (% -4~ N, 9),

since it is a normalized sum of 12 i.i.d.NV
(0,9).

Hence statement (A) is true.
(B) Let V; = Z; + W;. Then E(V;) = 11,
1
Var(V;) =94 16 +2- <34 =33,

12

Vi —11 2

~ N(0,1), Vi —11

= (0,1) Z( )
= 33x2,,

12

1
71 2 1 =

which is a scaled chi-square, Xﬁ
. Hence (B) is True.

Zi—4
(C)PutU; = = ~ N(0,1). Then U;
L (Us,...,Up).
11(Z; -4 .
V11 (Z; —4) _ VI11-3U _ Il
O RRTIENO S R
U,
VI U7
Ul Ntlla

[T ~12 12
ﬁzi:2Ui

1T JAM
Hence (C) is true.

W, -7

(D) Again put V; = ~ N(0,1).

(3

4 4
(W; =7)° =16 V2 = 16x3,
=1 i=1
12
D (Wi —7)° = 16x2.
i=5

SLIWi—7)%/4  16x3/4 43

TR (W —T/8 16x3/8 22

2
. X—; = 2F,3,
X8

so it is not exactly Fyg
. Hence (D) is false.

Therefore the correct statements are (A) , (B) and (C).|

Q40 Text Solution:

Solution.

The likelihood function based on one observation x

> 1is L(6) = 20e (1),

The log--likelihood is £(0) = log 2 + log §
—20(z —1).

1
Differentiating, ¢'(6) = i 2(z - 1).

1

Setting £'(6) = 0 gives § = w1

Thus statement (1) is true.

The maximum value of the likelihood is L
A A . 1
— 90 ¢20(a-1) _ -1
(6)=20¢ ——7¢

1, 2!
z—1° #xfl’

so statement (2) is false.

The likelihood ratio statistic is A(z)
L(2) 2.2¢4@ Y
L(é) wil e !

=4(z —1)e 7.

Since multiplication by a positive constant does not change the rejectio:

A(z) <ec <= (z—1)e ¥ <k,
for some k > 0.

Hence a rejection rule of the form 2(z
_ 1)67213

< k is consistent with the likelihood ratio test,

so statement (3) is true.

Consider g(z) = (z — 1)e ** for z > 1.
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IIT JAM

g @) =e (1 —(z—1)4) = e **(5 — 42) fis continuous at = a if and only if
V<a,>,<b,>—a
Thus g increases on (1, = lim f(a,) = lim f(b,) = f(a>
n—oo n—oo
2) and decreases on (2, 00), Bsinl zecQ
.. Givenflz | = z
$0 it is not monotone on (1, c0). 22 z Qe

Therefore the rejection region cannot be of the form 2if <@n> — a;a, € Q

& <b,> — a; b, € Q°

lim f(a,) = a®sin i

n—00 a

and lim f(b,) = a?.
n—oo

> conly.

Hence statement (4) is false.

Correct statements are (1) and (3).]

. = a’sin = = a?
Q41 Text Solution: a

1
2 .
Given a,, = (2" + n2"sin? %) Zn-ncos - =a [a sin — — 1} =0
=a=0
= loga, = ;log Hence, f is continuous at exactly one point.
2n —ncos L .
n n Q44 Text Solution:
(2" (1 + nsin? 5)) Solution.
n
= loganzlog72 U:X1+2X2, V:3X1—X2.

2n — ncos %

E|U| = — — L.

N log(1 + nsin® %) [U] = p1 + 2p2, E[V] =3u1 — p2

2n — ncos 1 Var(U) = Var(X;) + 4 Var(X;) + 4 Cov
(X1,Xs)=1+4+4p=5+4p.

nlog 2 Var(V) =9 Var(X;) 4+ Var(X;) — 6 Cov

Consider b, = ———— and ¢,
2n—n cos 5, (X1,X5) =9+1—6p=10— 6p.
B 10g(1+n sin? %) a B
T T on—ncos L OV(U, V) = COV(Xl +2X5, 3X; — Xg)
= 3Var(X;) — Cov(X;,X3) + 6 Cov
log 2 (X2, X1) — 2 Var(X,)
lim b, = lim o8 T =log2 Z 2
n—00 n~>oo2_cosg :3*,0‘1‘6[7*2:1‘1‘5/7
log(1+n)
& el < n —0 Hence the covariance matrix of (U, V) is
= lim ¢, = 0 (By Squeeze theorem) Var(U) Cov(U,V)
n—oo
] ) ) Cov(U,V) Var(V)
7 loBen = et i e = o8 <5+4p 1+5p>
2+0 = :
= lima, =2 1+5p 10—6p
n—o00
For a bivariate normal (U, V),
Q42 Text Solution:
Cov(U, V)2
Var(U | V) = Var(U) — %.
5.nl
o, = n® - n! (14 507
5.-6-7-...-(6+mn) :>Var(U|V):(5+4p)_W,
~1-2-3-4-n°n! o
(5+mn)! Now take
_ 1-2-3-4-n°n! 1
(n+5)(n+4)(n+3)(n+2)(nH 1)n! P:%'
1-2:3:-4-n°

C (n+5)(n+4)(n+3)(n+2)(n+1) Then
= lim a, =4/ =24

n—o0

Q43 Text Solution:
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4
54+4p=5+4—,
P 75
5\ 10
1+5p) = (1+—> =6+ —,
(1+50) 5 NG
6
10—-6p=10 — —.
P 75
So
6+ 1%
4
Var(U | V) = <5+ %) -
10 — 7
This simplifies to
196/5 196
Var(U|V):1 /6 = .
_ 6 6
0% s(0-%)
. . _ 1
Numerically, using p = N 0.4472,

5-+4p~ 6.7889, 1+ 5p~ 3.2361,

(1+5p)2 ~10.4721, 10— 6p ~ 7.3167,

(1+5p)  10.4721
10—6p  7.3167

~ 1.43,

Var(U | V) ~ 6.7889 — 1.43 ~ 5.36.

[Var(X; 42X, | 3X; — X») ~5.36.

Q45 Text Solution:

Solution.
The cdf of X is
0, x < —1,
=l 1<z<0,
F(z)= %, 0<z <1,
o3 1<z <,
1, T > 2.

First we find the pdf and point masses from F(z)

For —1<2<0:

fle) = F'(z) = 7.

1
ForO0<z<1l: f(z)=F'(z)= 3
, 1
Forl<az<2: f(a:):F(m):€
Next we find jumps of F’
() (point masses).
P(X = 0) = F(0) - lim F(z) = = — -
=0) = — lim F(z) =+ — =
z—0" 3 4
1
12°

nnnnnn
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P(X=2) = F(2) - lim F()=1- ¢

There are no jumps at z = —1 or x
=1, so no mass there.

1
Thus X has density f(z) = 78 (-1,0),
1 1
3 on (0,1), g on (1,2),

1
and point masses P(X =0) = L

P(X=9)=¢.

We now compute E(e?*).

2X O e 1 P
B(eXX) = = 1g = 1y
(e**) /_e 1 z+/oe 3 o

1

2
1 1 1
+ 2, 4 20 T 22
[ e 6 $+12e +6e

We simplify by collecting like terms.

1 1 1 2
Coefficient of e? :

1 2 1

Coefficient of e? : 12 12 12

B|"‘O’3|)—‘ g
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Coefficient of e 2: —

Constant t '1 +
onstant terms: & — = + 5.

1 1 1 3 4 2 1

§ 6 12 24 24U m

Hence

Using e? ~ 7.39, e* ~ 54.60, e 2 ~ 0.14,

1
E 2X ~ —
(@)~ 1
i

24°

~ 13.65+0.62 — 0.02 4 0.04 ~ 14.29.

1 1
- 54. —739—---0.14
5 60—i—12 7.39 3 0

E(e2X)

~ 14.29 (correct to two decimal places).

Q46 Text Solution:

All X; and Y are i.i.d. with density f(z)

2 z? -
= 27raexp 557 , x> 0.

Total sample size n = 15 + 30 = 45.

Letzl,...,

z45 denote all the X; and Y; together.

5 o 22
L(o) = ——exp| —— | .
(@) ,1;[1 210 20

£(0) =log L(c) = 45log2 — 47510g(27r)

1

—45loga—Tﬂ2z£.

k=1
4 45 1 &,
— = 2.

do o 3;
45

set £ _ 74—5+i 2=0
do o 3 “— k

o = g =1
= 5 =— 2.
45 £
45 15 30
Zzg =Y x2 +ZY].2 =150 + 255
k=1 i=1 j=1
= 405.
o 405

IIT JAM
Q47 Text Solution:
Solution:

The joint density of (X,Y) is

1
f(z,9) = 5exp

{% [(z — pcosB)® + (y — psind)?] }

0<6<2nr.

This is the density of a bivariate normal with independent components

Y ~ N(psin#,1),
X1Y.

X ~ N(pcosf,1),

Hence the theoretical means are
E(X) = pcosb, E(Y) = psiné.
Let the sample means be

_ 1 _
X=-Y'X, VY=
G o

n

Y;.

3|+~

By the method of moments we equate sample means to theoretical mear

X = pcos¥, Y = psiné.
= X_ = psind = tané.
X pcosl

Therefore the method of moments estimator of 0 is

0 t ( Y )
— arctan|{ — | .
MOM X

_ 1 —
PO R ')
n n
Y 300 300 3
Y _ 300/n _ - 3
X 100v/3/n  1004/3 3
fyom = arctan(v/3) = g
27« ™
fnkhad a = —
T’ 3

Q48 Text Solution:

UMVUE of P(X; < t)is §(X) = &

t—X
Vi —1/n)"
Givenn =5, X =1.08, t = 2,
the UMVUE of P(X; > 2) is

~ X-2
PXi>2)=9 ——— ] .
(K1 >2) (w/(n—l)/n>
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_¢(1.08—2> '
/5

() -o()

— $(—1.0287) ~ 0.152.

Q49 Text Solution:
Let X; ~ N(6,2), i =1,2.
Define the standardized variable Z;
X;—0

= =5~ NO.

We want: P(X(l) < 0 < X(Z)) .

Each I(X; < 2) is Bernoulli (3),

S0
8 1
E I(X; <2)~ Bin<8,—>.
; 2
i=1

Therefore

IIT JAM

Var(ZI(Xi gz)) =852 =2

Var (F3(2)) = <§

32a = 1.

This is the probability that at least one X is below 0 and at least one is above:

P(X(l) §9§X(2)) =1-P(X;1 <0, Xy
<0)—P(X1 >0, X2 >0).

P(X; <0)=P(Z; <0) = %

1

2y 4
P(both<9)(§> =

P(both > 6) = (%)2 = l

1
Hence the confidence coefficient is 1 — 1

1 1
4 2
Q50 Text Solution:
We have the pdf
+1
fx(z) = L$J6 , 0<z<3.
Thus

fe) =g (0 <z <),
f&)= 5 (1 <w <),

fle) = 3 <z <3).

We compute
p=F(2)=P(X <2).

On (0, 1) the probability is %,
on [1,2) itis 1.

1 1 1
Hencep = 3.
18
F8(2):§E I(X; <2).

i=1

Q51 Text Solution:

0 0
Given that, A = 0 1
1 0

o
— |

S o
o

(==l
L
—

= o O
L 1

s
I

=
=

—_— o Ok o O

(-
[

Hoo.bj;.

0 0
16 1 0
16 0 1
A48:A32-A16
1 0 0]
=124 1 0
(24 0 1]
,',A50:A48-A2
1 00
=126 1 0

126 0 1]
Hence required trace is 3.

= A% =
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Q52 Text Solution:

Given lim (sin kx + coskx + x) = el2

z—0"

lim <sin kx+cos kw+z71) x4
= ez—0t
lim 4[5111 ke cos 1;171 +1]

z

= ez—0t y ’ = 612

— 12

lim 4 [k cos kx—k sin kx+1
= ez—0t

= ¥ (k+1) — (12
=k+1=3=k=2
Q53 Text Solution:
. Yy
To find [f, W=
quadrant of the circle 22 + y2 =1

— 12

- where D is the 1°¢

y

N

In the first quadrant the limits are given by

0<y<1,0<z< /Ty

dzdy

v
M
1o rViy?
/ my dmdy
y

Q54 Text Solution:
\textbf{Solution.}

We test Hy : X ~ fy against Hy : X

~ fi-
The likelihood ratios are A1) = 0.5,
fo(1)
e
13-

Ordering from largest to smallest: = 5,

4,3,2,1.

IIT JAM

By the Neyman--Pearson lemma, the MP test rejects for large values of

Let the critical region be of the form " “reject Hy when X = 5’ with prol

The size condition under Hy is P, (reject)
=yP(X=5)=v-06=a=0.2.

. 02 1
TT06 3

Thus the MP size 0.2 test is: reject Hy if X
= 5 with probability %,
otherwise do not reject.

The power under Hy4 is P (reject) =«

1
Pi(X =5) =5 x072=024

0.24

Q55 Text Solution:

We can use the Neyman—Pearson Lemma for specifying the rejection re;

Let R represent the rejection region.

f(x]6,)
f(x160)

flzlor)  2"TIE, dafe o/
f@lo=2) ~ gr [, 4ade o2

2 n 01 _9 15 .
L/ exp{ >
; 2\"
Since 6; > 2, (—) exp
61

9 —2 & ) 15 \
2, :E::n >k e Y ai>c

i=1 i=1

XcRif >k

15
R= {X Dy X > c}
=1
We should determine c in such a way that the size of the test equals

a=0.05

15
Py(XER) =a = P, (:E: X4 >:c)

=0.05
1 15 1 15
— ) X% ~T(15,1 2— Y x4
90; 4 ~T(15,1) or 00; ;
2
X(30)

15
Since 6y = 2, Z X}~ X?so)
=1

c= X%o, 005 = 43.77
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15
R= {X: doxi> 43.77}

i=1

Now the p-value is sup Py
6cO,

15
(Z X4 > 46.98) =Py,

i=1

15
<Z Xt > 46.98) = 0.0249

i=1

Q56 Text Solution:

Q57

We have given X~ Dis Unif

(0,1,2,...,2026)

U-ulo,1]

LetY=X+U

P(Y=y) =P(X+U=y)
=P(X=Ik,U =y—

Since X and U are independent .
= P(X=[k)P(U=y-

1 —

[K])
[K))

7

< 2027

So, Y~Unif [0, 2027]

then Y — [Y]-U (0,1)

Z= —log(Y — [¥])-exp (1)

Now P (Z >2)=1-P(Z < 2)
= 672

512 e*P (Z > 2)=512 e’e 2=512.

Text Solution:

Q58

IIT JAM

P(X = 30 | Tail) — (13201) <%>30 (%)91.

()

() + (o) (§)

121 120\ 121 (120
T 121-30\30/) 91 \30 /)

P(Head | X = 30) =

(%)

1 546
P(Head | X = 30) = 14 1215 ~1151°
T
i
1151

Text Solution:
We have given

Let a fair coin be tossed once. Then a fair die is rolled%oﬁ’h(ggs}/\gr}?ergov (X, E(Y[|X))

120, if Head appears,

121, if Tail appears.

Let X denote the total number of threes obtained. WE@taX‘&Laplace(y =1,b=

P(Head | X = 30).

P(Head | X = 30)
_ P(X = 30| Head) P(Head)
~ P(X = 30 | Head) P(Head) ’
+ P(X = 30 | Tail) P(Tail)

P(Head) = P(Tail) = =

P(Head | X = 30)
P(X =30 | Head)

~ P(X =30 | Head) + P(X = 30 | Tail)
If Head occurs, S = 120 and X
-Bin(120, ¢).
P(X =30 | Head)

C (120 (1" (5\”

~\30/\6 6) °
If Tail occurs, S = 121 and X
-Bin(121, ¢).

nnnnnn

A
={(z,y) e R?: |alc|—l <y< \a:\—i—%}

1, —2|z— 1|

e s z,y) € A,

flzy)=1 2 (=9)

0, otherwise,
Now ,
f(z,y)

2 X 3 x %e’%‘w’l‘ (z,y) € A,
B ~ —_—
= YX~U(\z\7§; \z\+§) X~L(1, %)

0, otherwise,
Therefore E (Y |X) = | X]
Now,
~ Cov (X, |X])
Cov (X, |X])= E(X|X])
- E(X)E(|X])
3
3):

fx (@)= Lelemult = L3kl g eR

E(X|X|) =/ z|z| fx (z) dz.
We split the integral atz=0andz=1:
B(X|X|)= [ afe )f( )daH—
01 m‘x’f(m) dz + floo m’x‘f(w) dx
Forz <0: 'm|:—a:, |m—1’:1—m,

= m’w‘ = —z%

I :ffoox f<x> dzr =
I (o)1 0 e = g3

Z
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L :folxmf($> dr =

1 91 —%(kx) 1 2 el g 2,
foa: ze dr = ze 3f0xes

3 3
f meswdxfl‘r’ _—277.
I2—z—%6’ %
Forax >1: |:c|:x, |x—1|:a:—1,

= z|z| = 2?.
I3 —flooxa:f<m> dx =

-3 z_l)dmz le3 I e 3

E(X|X)=1 -3¢ 3.
BE(X|x)=1 —2672/3|.
Let X~Laplace( =1,b=
fX (2) = Leloulb = 1

B(1X)| = [%, [a] fx (o
Split the 1ntegral atz = O and by = 1l,

0 1
B(X) = [ lalfx(@)de+ [ lalf(o)
dac—i—/loo |z| fx(z) dz.

Forz<0: |z|=—z, |[z—1]=1—=.

1
I = / (- w)—e’i(l Vg = ——e"3
3
/ zei® dz.
—00
3
11:567%.
ForO<z<1: |z|=2, |z—-1=1-=.
1 1
12:/ mlefé(lf’”)dw:lefé/ rei?
o 3 3 0
dzx.
1
1225(1—67§).
Forz>1: |z|==z, [z —1]=z -1

2

€3

I3:/1 :cge @D gy —

o0 2
/ ze 3% dx.
1

1
=1+ €5

w|)—n

IIT JAM

wlre

E|X)=L+L+1I3=
2 1 _»2
(1—6 §)+<1+§e 3).

3
E(1X)) :1+5e*§.

1
2

m|w

|B(X]) =1+ 2 e25).

Q59 Text Solution:

Given X ~ U(0,2), Y ~ Bernoulli(§),
independent, and W = X + Y.

Step 1. Distribution of W.
IfY =0, then W = X € (0,2).
IfY =1, thenW=X+1¢€(1,3).

Because X is uniform on (0, 2),

1
its density is 3 o that interval, and zero outside.

Therefore
1
= 1
fw (w) 05, 1<w<3,
0, otherwise.

If 0 < w < 2 then Y = 0 and hence fy (w)
=(1-9)- %
If 2 < w < 3then Y = 1 and hence fi (w)
—g.1
2
For the observations 0.3, 2.4, 0.8, 1.9,
2.1, 0.6

the values in (0, 2) are 0.3, 0.8, 1.9, 0.6
= Y = 0 four times.

The values in (2,3) are 2.4, 2.1 =Y
= 1 two times.

Hence the likelihood is L(6) oc (1 — 0)162.
£(0) =InL(f) = 4In(1 — 0) +21né.
e 2 4

w8 1.8 ©
2(1— ) = 46.
2 = 66.

uuuuuu
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A~ 1
0—5.

We are asked for the MLE of 6.

—

92 = (9)%.

9062 = 90 x 1 = 10.
Q60 Text Solution:

Let g(t) —exp( 3 )

3+t

Then g(Y ) = exp< 3 ) .
3+Y

3

3
We have ¢'(t) = — EEE exp(

3

3
Hence ¢' (1) = — I exp(3 rn

_ D
Assume \/n (Y — p) — N(0,07%).

2N, g (0P o?).

o0 = e (5o )

Vi (9(F) — g(w) N

(“’ (39+02>4“"p<3iu>>

Now ,

)
).

By the delta method, \/ﬁ(g(?) —g(n))

9 9 1
GO = 57 = g = e

By the delta method, /n (9(Y') — g(6))
LN (0, [g/(6)]202).

1 18
1BV 202 = = 2/3 .18 = 2 o2/3
' (O)F o = oge 729°

81

Vi (9(Y) - 9(6)) — N<0, iem>

Let Y ~NB(r =3,p= 1), i.e. P(Y =)
_ (%52) (%)3@)” y=0,1,2,...

For this parametrization (number of failures until r successes),

,u:E(Y):T(lp_p) :3-i—g:6,
o? =Var(Y) = r(l;p) =3
p
S 2/3
(/32

Let Y be the sample mean of an i.i.d. sample from this NB distribution.

— D
By the CLT, \/n (Y — 6) — N(0, 18).
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